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ABSTRACT. The order of magnitude method [Struchtrup, Phys. Fluids 16,
3921-3934 (2004)] is used to construct a unique moment set for 1-D transport
with scattering. Simply speaking, the method uses a series of leading order
Chapman-Enskog expansions in the Knudsen number to construct the moments
such that the number of moments at a given Chapman-Enskog order is minimal.
For isotropic scattering, when one begins with monomials for the moments,
the method constructs step by step moments of the Legendre polynomials.
For anisotropic scattering, however, it constructs moments of new polynomials
relevant for the particular scattering mechanism. All terms in the final moment
equations are scaled by powers of the Knudsen number, which gives an easy
handle to model reduction.

1. Introduction. Ongoing miniaturization of devices requires accurate and fast
simulation tools that account for microscale effects. The best known example is
hydrodynamics of gases where the classical Navier-Stokes and Fourier transport
laws loose validity when the typical system length L is of the order of the gas
mean free path A, that is when the Knudsen number Kn = \/L is not sufficiently
small [6][11]. The microscopic description of transport through a kinetic equation,
e.g., the Boltzmann equation for gases, is accurate at all Knudsen numbers, but
numerically expensive.

Models of extended hydrodynamics aim at adding additional terms and equa-
tions to the hydrodynamic equations in order to capture microscale effects, but
keeping numerical effort relatively low. There are two main routes towards this, the
Chapman-Enskog method [2] and Grad’s moment method [3], which come both with
their own deficiencies. The first order Chapman-Enskog expansion yields classical
macroscopic transport laws, e.g. Navier-Stokes-Fourier hydrodynamics, but the
higher order expansions, e.g. the Burnett equations [2, 11], usually yield unstable
equations [1][15]. Grad’s moment method, on the other hand, is not related to the
Knudsen number, and thus it is unclear which moment set needs to be considered
for a given process [11].

The order of magnitude method was introduced in [8][9] as a combination of
Grad’s moment method and the Chapman-Enskog expansion. The method yields
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sets of moment equations at any order of the Knudsen number, where the particular
moments are produced from the requirement that the number of variables at any
order in the Knudsen number is as small as possible. Thus, the order of magnitude
method provides the link between Grad-type moment equations and the Knudsen
number. Since the method employs Chapman-Enskog expansions only to identify
the Knudsen order of moments, the resulting equations are not subject to the stabil-
ity problems associated with the Chapman-Enskog expansion. In [8][9] the method
was applied to the Boltzmann equation, up to third order, where it produced the
Regularized 13 Moment Equations (R13) [7]. The R13 equations provide a rather
accurate description of rarefied gas flows for moderate Knudsen numbers, see [13]
and the references therein.

The present paper aims at making the proceedings of the order of magnitude
method transparent by applying it to a simple kinetic equation for one-dimensional
radiative transfer with isotropic and anisotropic scattering. It will be seen that
for isotropic scattering the required moments are based on Legendre polynomials
(P,-moments), but for anisotropic scattering other polynomials have to be used,
which depend on the details of the scattering term.

The goal of this paper is not to describe a physically meaningful system, but
rather to give a transparent example for the application of the order of magnitude
method. It is hoped that the treatment of a simple kinetic equation makes the
method more accessible for other researchers. We also point the interested reader
to a recent discussion of the method applied not to moment equations but directly
to the kinetic equation [4].

As applied below, the order of magnitude method consists of the following steps
[819]:

1. Set-up of a Grad-type moment system for arbitrary choice and number of

moments.

2. First order Chapman-Enskog expansion to determine leading order of mo-
ments. Linear combination of moments to construct new moments such that
the number of moments at a given Chapman-Enskog order is minimal. Repeat
for the next order of magnitude.

3. Use of the established Chapman-Enskog orders to rescale the equations for
the new moments, use of the scaling for model reduction to a given order of
accuracy.

Step 1 is presented in Section 2 where also the kinetic model is introduced. Step
2 is presented in Section 3 for isotropic scattering and in Section 4 for anisotropic
scattering. Step 3 is presented in Section 5. The paper closes with some final
comments.

2. Kinetic equation and Grad-type moment equations.

2.1. Kinetic equation. We consider one-dimensional transport processes of iden-
tical particles that travel with unit velocity in arbitrary directions, p € (—1,1)
denotes the direction cosine. The distribution function f (z,t, u) obeys the kinetic
equation

0 0
Lind = w0, 1)
K(p)

where == is a direction dependent scattering probability, with a dimensionless
function & (u) and a constant mean free time 7. We consider dimensional quantities
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and use the scaling parameter ¢ which would be the Knudsen number in a dimen-
sionless formulation. With the use of the scaling parameter non-dimensionalization
is not necessary. At the end of the discussion, € will be set to unity again.

The zeroth moment is conserved (conservation of particle number), that is

1

= — ) du =0 : 2

— [0~ fo)du=0; )
here, and in all subsequent integrals, the integration is over the full domain of u. We
require isotropic equilibrium, which means that the local equilibrium distribution

fo is independent of direction. It follows from the conservation condition (2) as

gy = Lt fdp 3)
J # () dpa
Interestingly, the local equilibrium distribution depends on the collision probability
k(u) as long as non-equilibrium is maintained. In the final equilibrium state (E)
both f and fy are isotropic and equal. Then their value can be determined from
the number density which is the zeroth moment:

ug = /fEdM = /fo,EdH = fo,E/du =2fo.r 4)
so that

1
Je=for= 50 - (5)
We show the existence of the H-theorem for the above kinetic equation. Entropy

and entropy flux are given by

77=—/f2du : ¢=—/uf2du (6)

so that the entropy balance is

on 09 _
Here, the entropy generation rate is given as
1
o= [R5 (= foydn. )

With the conservation law and the fact that f; is independent of direction, we have
by subtracting zero

s = L n(u)f(f—fo)d,u—%fo/ﬁ(ﬂ)(f—fo)d/i

ET
1

= — [s (- fo)du=0. (9)

Thus, entropy generation is positive as long as « (u) > 0 for all p.
The final kinetic equation is an integro differential equation for the distribution

function I
of | of 1 K (p) fdp
st = ——n(p) |f - LEETE
ot Oz ET Jr(w)du
this equation has one conservation law, and an entropy.
The further proceedings can be performed for any non-negative function k (u).

For sake of simplicity we shall use

k(1) = 1+ yp? (11)

(10)
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with v = 0 for isotropic scattering and v = 1 for anisotropic scattering. We remark
that we do not aim at picturing a relevant scattering mechanism, but rather at
having a simple kinetic equation for the application of the order of magnitude
method.

2.2. Moment equations for monomials. We define the even and odd monomial
moments of the distribution as

1
/,u%‘fdu , a=01,...,N

-1

Uq

(12)

Wa

1
/ o fdy , a=1,...,N

-1
so that we have (2N + 1) moments altogether. Multiplying the kinetic equation
(10, 11) with powers of p and integration gives the nested moment equations

8'&0 8w1
ot T (13)
Oug  Owgy 1
7&% 785(5_‘—1 = *; [ua + YUat1 — o (UO+’)/’U,1)] ;o a=1...,N
Ow,  Oug 1
5 el 7;[U}a+’ywa+1] , a=1,...,N
with the coefficients
_1 4+
B = 2oL 2043 —0,1,...,N . (14)
1+ 3

The first equation (13) is the conservation law for particle number density uy with
the particle flux w;. Higher moments, and the corresponding equations, do not
have a straightforward physical explanation.
As discussed further above, the equilibrium distribution is isotropic, so that the
equilibrium moments can be calculated as
wor = [ 1 fedn=fo [ ndn = frg g = 5

(15)
Wa,E = /uQa_ledu:0.

It is easy to see that with these equilibrium values the right hand sides of the
moment equations (13) vanish.

2.3. Grad closure for 2N + 1 moments. The idea of the Grad moment method
is to consider a finite set of moments as variables. For finite moment number N
the set of moment equations (13) is not a closed set, since the equations for « = N
contain the moments uy41 and wyy1. Grad-type closure of the equations requires
constitutive relations for uyy1 and wyy1 which express these as functions of the
primary variables u,, ws (@ < N).

We approximate the distribution as a polynomial based on those monomials that
are used for creating the moments uq, wq (@ < N),

N N
fo=> var® + ) wap® (16)
B=0 B=1
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The polynomial structure can be motivated by determining fs as that distribution
function that maximizes the entropy (6); under the constraint of given values of
the (2N + 1) moments u, and w,. Then, the coeflicients vg and wg in (16) are the
Lagrange multipliers of the corresponding isoperimetric problem. Inserting fg into
the definition of the monomial moments gives

N

N
2
— 2(a+8) 7, —

N N 9
— 2(a+8-1) g, — ]
wa ;wﬁ/u b= AT

The coefficients v,, w, are determined from the first 2/N 41 moments. We introduce
the matrices

2
-Aa = - - 5 Q, :0,...,N
p 2(a+p)+1 P
(18)
Bag = =2 af=1... N
af = 2(0[4—5)—1 ) sy = Ly
so that upon inversion
N
Vo = ZA;éulg , a=0,...,N
B=0
(19)
N
W = ZB;Ble , a=1,...,N
B=1
For the required closure, we thus find
N N
UN+1 = Z gaua , WN41 = Z (awa (20)
a=0 a=1
with the coefficients
al 2
a = — - A a=0,...,N
¢ Bz:% 2(N +8)+3" P
(21)
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2.4. Closed equations. The closed moment set for the monomial moments wug,

Ug, Wa, & = 1,..., N can be written in compact form as
85?—#;:_13@588? = —;_Blleaguﬁ‘F7}6(¢a_7£05aN)u0a a=1,....,N
8;;OL+% _ ;—B]jlwaﬂwﬂ , a=1,...,N

where Rqg, Uyg and W,g are N x N matrices which are given in the appendix, see
Egs. (92, 93, 94).

Similar compact notation would be found for other expressions for the interaction
term, which then would lead to different entries in the matrices U,g and W, while
the matrix R,3 would remain the same.

3. Order of magnitude method, isotropic scattering (v = 0).

3.1. Moment equations. In the case of isotropic scattering, where v = 0, the
matrices on the right hand sides of the equations reduce to unit matrices, Wy =
Uap = 0ap, and ¢ = ﬁ Since the application of the order of magnitude method
implies matrix inversions, it becomes much simpler for unit matrices. In fact, in
this case we can consider the infinite system of moment equations for monomials,

which we write as

3Uo 8’([)1 - 0

ot or
Oug  OWat1 1 UQ

N L a=1,2,... 23

ot * Ox eT (u 2a+1 “ (23)

Ows  Oug 1

e =1,2,...
ot | o er e TS

3.2. Equilibrium and 1st order variables. We begin the application of the
order of magnitude method by determining the equilibrium values of the moments.
These are obtained by considering (23) in the limit e — 0 as

Uo
200+ 1

We see that all even moments u,, have an equilibrium value, while all odd moments
w, have no equilibrium value.

The idea of the order of magnitude method is to construct new variables by linear
combination such that at any order the number of variables is as small as possible.
The first step of this is straightforward: Since the equilibrium values of all moments
are given by the value of ug we require that moment at order zero. The first set
of non-equilibrium moments u&l), w&l) is obtained by subtracting the equilibrium
values of the higher moments, as

Ua|E = y Wa|lE = 0. (24)

U
u((ll) = uQiudlE:u&iQail , o a=1,2,...

(25)

1
w&) = Wo — Wu|E = Wa , a=1,2,...
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Moment equations for the new moments are obtained by inserting the new moments
(25) into the moment equations (23), and eliminating the time derivative of uy with
the conservation law. This gives the equations

Oug ow'?
o T = O (26)
1 1 (1)
au((l) B 1 511)%) awaJrl _ _iu(l) a—19
ot 204+1 Oz Ox er ¢ B
(1) (1)
Owa 1 OQuo Oua’ 1 ) 49
ot 20041 Oz Oz er ¢ 7 B

3.3. 2nd order variables. After the first round, the variables are now the equi-
librium variable ug, and the non-equilibrium variables u,(xl), w&l) which are at least
of first order in € by construction. We expand only the latter in a Chapman-Enskog
series in €,

ull) = 51‘@1,)1 + 52%(11,)2 +o, wd) = 8w((,41)1 + 52w$)2 +...
Note that, due to construction in the first round, the variables have no zeroth order
contribution. We insert the above into (26), and keep only the leading order terms

in € to find
1 Ouyg (1)

Ozu(l)1 , =w

— T =1,2,... 27
’ 2a+1 0z P AT e (27)

a,l

Thus, the u((xl) have no first order contribution while all wg}) have first order contri-

butions that are determined by the gradient of ug. Accordingly the wi are linearly

dependent, and we can write

3 e
20+1 1
Thus, to first order, all moments can be expressed through the number density

up and its flux wgl) which therefore are considered as base variables. All other
moments are replaced by the second non-equilibrium variables

1
We

) = ) a=23,... (28)

)

)

uD = o) Ca=12..
(29)
3 1
w((12) = w&l) o mwg ) bl a = 2? 3’ st

The corresponding transport equations result from (26), after insertion and replace-

ment of the time derivatives of wgl)

auO 811):([1)
9uo =0 30
ot + Ox )
ow'Y 1dug out? _ _iw(l)
ot 3 Ox ox et !
2
ou' . dov dwi” N dwgl, I N
ot " (2a+3)2a+1) Ox O S ;
PG 3 o @ 1
w (75 u _ _7w(2) o = 2, 3,

ot  2a+1 Or or er ¢ 7
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By construction u&z), w&Q) are of second order in the Chapman-Enskog sense, while

w%l) is of first order and wug is of zeroth order.

For the next round of the method, it is convenient to indicate the Chapman-
Enskog order of the already established variables explicitly by writing w%l) = suﬁgl)
and ug = Uo:

oy owt!
o = 1
ot " ox 0 (31)
an@ +au§2> _ 1 w(1>+1%
ot ox ! 3 Oz
oue” + da 85“79) owll, Lo Lo
ot (2a+3) 2a+1)  Ox O = Tt =12,...
ow? 3 o w1 =23
9t 2a+l 0r | or | erte o AT E%

3.4. 3rd order variables. We have now established a variable set with only one

variable (ug) at zeroth and one variable (wgl)

u((f), w((f) are at least of second order. We expand only the second order variables,

) at first order in e. All other variables

2 3, (2)

ul? = 62ua’)2 +elugz+... w® = 52w8?3 + 6311)((12’23 +... (32)

and find their leading order contributions by inserting the expansion into (31) as

o ow @

_ = =1,2

2a+3)2at 1) oz Ya2 > @= 55
(33)

0 = U’S)z , =23,

This implies that the u((f)Q are linear dependent, as
2) 15a (2)

= , =1,2,... 34
a2 (2a+3) (2a+1) U2 @ (34)

while the wg) have no second order contributions. Following the already established
pattern, we now introduce the third non-equilibrium variables as

u

1
u® = uffL ba 52) , a=23,...
(2a+3) (2a+ 1)

w((f’) = wg) , a=2.3,...
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A1) (2) _ 24(2)
1 >

With this round, we now we have the variables uy = 1y, wg) =cw

uy = ety
and us), w&d) with the equations
i owH
% te ;”; — 0 (36)
o) | L0 1l 7o
ot ox |t 3 Ox
28@9) awg’) _ e, iﬁwi”
ot ox 1 15 Ox
3 3 (3)
ot 2a+3)(2a+1) Oz oz er ¢ 7 T
(3) ~(2) (3)
owg 4 9(0&71) 628“1 Oug _ _iw((XB) ., a=23,...
ot (2a+3)(2a+1) 0Oz Ox eT

3.5. 4th order variables. By construction u(a?’), w((f’) are third order variables,

while ugz) = 5211(12) is second order, w(()l) = 512)(()1) is first order and wg is zeroth
order. We expand only the highest order variables,
ug) = E3u$)3 + 5%5& +..., wS’) = €3w$?3 + 54w$i + ... (37)
Again we are interested only in the leading order
0 = u&gé , a=23,...
(38)
9(a-1)  aa? @)
— = =2,3,
2a13)2atl) oz Wa3 » &= 5%
The last equation yields
3) 35(a—1) 3)
= E 5 = 3, 47 PPN 39
Yo3 = 2a+3)(2a+1) 280 @ (39)
and therefore we introduce the fourth non-equilibrium moments as
ufd = ud) L a=23,...
(40)
35(a—1)
(GO R— 3 _ (3) —3 N
wy, wy (2a+3)(2a+1)w2 , « Seeey
wég) = 5312153) is kept as variable. Then we have the moment equations
dig oY
') = 0 41
ot oa (1)
ool Lol _ 1[0, i
ot Ox | ! 3 Oz
(2 (3 .1
S Y R
ot ox |t 15 Oz

I P
ot ox
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o, W@-va ol ol 1.
5 (2a+5)(2a+3)(2a+1) Oz ox = T U, =50
4 4 4
ot (2a+3)(2a+1) dr Oz S B

3.6. Summary: Legendre polynomials. After four rounds of re-assigning vari-
ables, we have found the variables

w=io, uf) =call, WP = | W = (12)
as the only variables at Chapman-Enskog orders below ¢*. In the next round the

variables u(a4) and w((;l) would be expanded to identify the relevant fourth order

variables (which would be ué4) only) and to construct the 5th order variables uly

w((f). Then the next round, and so on. We are confident that the reader now has
a clear picture of the procedure, so that further rounds must not be presented in
detail.

The variables found from this recurring procedure of leading order Chapman-
Enskog expansion and linear combination of moments yields the following variables
up to fifth order:

w = [ fin

wi) = / wfdp
u? = - % = %/% (8u* = 1) fdu (43)
wf? = we—Zur =2 [ 5 (50~ 3) fu
ulV = uy— gul + %uo = % (35u* — 3042 + 3) fdu
w® = ws— gwg + gwl = % /% (63u° — 70u° + 154) fdp
Apart from numerical factors (1,1, %, %, %, ...) these are just the moments of the

first six Legendre polynomials P,. It is straightforward to conclude that the order of
magnitude method constructs the Legendre polynomials as the best set of moments
for the kinetic equation (1) with isotropic scattering, in the sense that the number
of variables at any given order is as small as possible. We have considered the
same kinetic equation before in Ref. [12], where we used P,-moments from the
start. Application of the order of magnitude method showed that, indeed, the
P,-moment is of order «.

The next step in the order of magnitude method is the reduction of the transport
equations (41) for the desired level of accuracy. This step is deferred to Section 5,
since we will first construct the appropriate variables and equations for the case of
anisotropic scattering.

4. Order of magnitude method, anisotropic scattering (v # 0). The ap-
plication of the order of magnitude method to the case of isotropic scattering as
presented above works successively in such a manner, that, in fact, the Grad clo-
sure is not needed. This is due to the simple structure of the moment collision
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terms, which are independent of the closure (U,g and W, are unit matrices). For
anisotropic scattering this is not so anymore, since the equations (22) are coupled
through the matrices U,s and W,z in a non-trivial manner. It will be seen that the
newly constructed variables, and the corresponding coefficients in the equations,
depend on the number of initial moments N, and will converge when N is suffi-
ciently large. Again, we will go through four rounds of the procedure, beginning
with equilibrium.

4.1. Equilibrium and first order variables. The equilibrium values of the mo-
ments are obtained by considering the closed set (22) in the the limit ¢ — 0. After
inversion of the production matrix U,g we obtain the equilibrium values as

Ug
:)\(1) :]_... N
2a+1 Oéuo ) « ) )

N
Uop = Y Uss (65 — v€odpn) 1o =
B=1

wa\E = 0 5 0421,...7N

The above result is checked most easily by inserting the equilibrium values u|g into
the right hand side of (22)2 and use of the definition of matrices and coefficients.
As it should be, these are the same equilibrium values as found for the full kinetic
equation, see (15). This proves consistency of the Grad closure with the kinetic
equation.

All equilibrium moments depend directly on the number density uy which we
chose as the first base variable. As before, we introduce the first non-equilibrium
moments as the difference to the local equilibrium values,

u&l) = Ua = Ug|E = Ua *A&l)UO ;, a=1...,N
(45)
wgl) — wa_wa|E:wOé 5 04:17...,N

Replacing the initial moments by the non-equilibrium moments and elimination of
the time derivative of ug by means of the conservation law we obtain the equations

Oup 8w£1)
=0 = 0 (46)
ot ox
o) poud X ouf) 1 &
ol \m9W Ros—L— = — =N U, 5uY =1,...,N
ot ¢ Ox Jrz b oz 57’2 Pl o AT B
B=1 B=1
ows ou ouly 1 &
o  Oua 1 M 1N
o + A, o + p €T;Wa5wﬁ , o a=1,...,

4.2. 2nd order variables. After the first round, the variables are now the equi-
librium variable ug, and the non-equilibrium variables u&l), w&l). We expand only

the latter in a Chapman-FEnskog series in €,

1

(X7

ul) = 5ua1)1 + EQUSXI,)Q +..., wP=ecw )1 + 52w((11,)2 +... (47)

)
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We insert the above into (46), and keep only the leading order terms in ¢ to find,
after matrix inversion,

uf) =0 . a=1,...,N

(48)
n 1)\(1)8u0 -1 N
wa,l - TZ aB B or a=1,...,

To first order, all odd moments go with the gradient of ug. We can use wﬁ to
express the others,

- (1) ~13(1)
Sha Wapds' ) _ Zoma Waphs” ) _ 61 ) (49)
Z 1)\(1) wy 1 (1) 1 1 1,1
g1 W-

where we have defined

wey =

N
RO =S (50)
B=1
By construction, the following moments have no first order contribution:
u((f) = u&l) , a=1,...,N
(51)
w((,?) = w&l) — 9&1)11/51) = Wy — 9&1)11)51) , a=2,...,N

These are introduced into the moment equations, and time derivatives of the flux

wgl) in higher equations are eliminated by means of its moment equation. To write
the resulting equations in a compact form, we introduce the abbreviations

W(f@) _ (Waﬁ . 9&1)W1ﬁ> , a,0=2,...,N
pd = (Agp —oA) L a=2.N (52)
Xy = ZR ﬁt9 AP, a=1,...,N

and make use of the identity

N 1y (1) (1)
a _ Zv Wy M A
ZW 0 ZW H<1) = (53)
After some algebra we find the transport equations
i oV
% te g’; -0 (54)
612)51) 8u§2) (1) wﬁl) Oug 1 Y @)
o "o T N |0 T | e ;ZQWW%

8u(2) 8w(2)
Tlha (1) owsg _ 1 _
T +ZRa5 o = 67ZUaﬁuB , a=1,....,N
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2 ~(1 ~ N
du” 9(1)3“ 6“&) — W £+% _ 1 ZW(z) @
ot Ox Ox * e Oz eT 4~

a=2,....,N

As before, we have indicated the Chapman—Enskog order of the already estab-

lished variables explicitly by writing w( ) = 5w§ and ug = 1g. All other quantities

that appear, that is the u((l ), w& ), are at least of order 2.

ey X
4.3. 3rd order variables. Interestingly, we find the term [:;1(1) + a;;} not only

in the equation for wg”, but also in the equations for the w((,?). To proceed we have

to be careful with the scaling of this expression. A glance at the equation for 1@51)
shows that this term vanishes when e goes to zero, thus it is at least of first order

in £. To consider this properly in the scaling of the subsequent equations we write

(1) . (1) .
Wi Qo) _ [ Do
lﬂ@(l) + Ox ] — < lﬂf(l) + Oz ] > (55)

where the e-order is made explicit and the angular-square double bracket indicates
an order unity value.

The present variable set has only one variable (number density ug) at zeroth and
one variable (flux w§1)) at first order in €. All other variables u((f), w((f) are at least
of second order. We expand only the second order moments

u =l +ul o W@ = 2wl B+ (56)

and keep leading order to find, after inversion of the matrices U, and W(Q)

ul = - ZU‘l o | o0 a=1,...,N
«,2 Ba: ) ) )
(57)
(2) [ ay) 9
Wey = — ;QWQB 1/)5 T Tﬁ(l)Jr% , a=2....N
This implies that the u((f)z and the wf)Q are linear dependent, as
-1,,(1)
o Tie aBXﬁ u) = ADuf) o1 N
a,2 ZIB 1 (1) 12 ) PR
U
(58)
N @7,
W,
w2 = Zo=Wos U5 o0 o004y N

In the case of anisotropic scattering, the moments w((y ) have second order contribu-

tions, which are absent for the case with isotropic scattering. Following the already
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established pattern, we now introduce the third non-equilibrium variables as

u® = 4@ \@? | g=9 N
(59)
o = o | asy

As always, we insert the new variables into the transport equations, and eliminate
time derivatives in the higher equations. For compact notation we introduce the
abbreviations

R®) = (Rag—Aff)Rm) o, f=2,...,N
UZ) = Usp—2PUss , a,6=2,....N (60)
ws = w) -ePw) | ap=3..N
N
9)-1
I Y
y=2
and we make use of the identities
N N (2) <N 2~ (1) 1
S wQpd — oo Wap Lpa Wy 077wl
B B Pe) Pe)
f=2
N N — 1
al L - Zﬁ:1 Uap 27:1 Ugle(v) . X&l)
ZU‘W 8 = ) e (61)
= I I
and
N
ZngGEf) = 9%2) =1
B=2
N G
S Wi = 0 (62)
5=3
N
D Uipuf) = Urpuy” = yug
p=2
N
D Wby = Wb =18y =4
p=2
1
1

Making the e-order of the second order moments explicit by writing u§2) = 621152),

wéz) = 5211)&2), we find their transport equations as
day ot
E +e€ O =0 (63)

ateam_i’)

~(1 ~(2 ~(1 N
8w§ ) 28u§ ) 1 w§ ) Oty . El w(z) (64)
&) " Oz T2



UNIQUE MOMENT SET FROM THE ORDER OF MAGNITUDE METHOD 431

aa? o0 a? aelV] 1
20Uy 20Wy (1) 1 1 o (3)
Sy +e€ 5, — XiE e + o Y (65)

20057 | oy gy 087w | /e o
g et (W) - o) T T = e ™

The bracketed terms in the third and fourth equation appear also in the higher
equations and for the next round we must get their e-order right. Careful analysis
by comparing e-magnitude of terms in (65, 66) shows that they are in fact of second
order, which we make explicit by writing

(2 (1) Mo (2 (1
A u(1 ) n 8w§1) _ 2 ug ) n 8w§ )
T oz T2 oz

oM dag o2 1 L[ e o W
¢ 7K1 + Ox + 7K(2) - ° 7K + Ox + 7K(2)
The properly scaled equations for the 3rd order variables ug’) and w(B) then read

(67)

(3)
3“a3) (2)(2) 5w2 (2) 0w
ZR 05 +Z R 2 =
- (2) 5V
_ 2 ) _\@,0 Uy oW ) (3
€ (Xa Aa’ X1 ) < @ + B - ZU

a =2

LN (68)

ouwl oa” dus?  oud)
& A@ g _p@) (L@ _ p) 1 _ p2)9Y2 o
ot £ (A -0 — o (8 2))833 “ or T ow

_g2 (1/1(1) _ 9(2)1/}(1)) o) L O]\ o ﬁ s i ACIING)
“ o 2 kM) Ox 7K 2) eT B =B

B=3
a=3,...,N (69)

The equations (63 - 66, 68, 69) are the counterpart to the set (36) for the case
of anisotropic scattering. We see that the equations for anisotropic scattering are

more involved, which is due to the more complex form of the scattering matrices
Uap and Wog.

4.4. Approximation for 3rd order variables. Aswe proceed with the treatment
of the case of anisotropic scattering, the equations become more involved. We shall
not go beyond the third order, and of the third order equations we shall only consider
the leading terms, which will be determined in the present section.

Again, we perform a Chapman-Enskog expansion of the highest order moments

3)

ul® = u( ) 3te€ u( , wd) = 53w(3) +e w(‘s) +... (70)
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where we shall determine only the leading terms, i.e., the coefficients uf)g,, w((f’g))

For a closure of our equations at this level of the proceedings, we will then use only
these terms for the variables, that is we shall set

ul® = 3a®) = e?’u(jé , wd® =3P = 53w((j2), . (71)

Expansion and inversion of the matrices U ((fﬁ) and W(gzﬁ) gives ﬁ((lg) and uAJ,(XS) in terms
A1) ~(2) (2)

of the lower moments 4y, w;’, 4"/, Wy,

. (2) (1) (2)
o) =uly = -AP7 < l R 1 > @ e N (1)

ney Ox Ox
A (1) - ~(2) ~(2)
(3 _ B _ g W, O Wy |\ _ g, 0 _
Wy = Wy 3 = 9a7<[<[7m(1)+8x —|—TH(2) HaTax ,a=3,...,N
(73)
with the new coefficients
& @ (. () (1)
2)~ 1 2) (1
)\((13) _ ZUaﬁ (Xg - A5 X ) , a=2,...,N
_622
& (27" > (2)
(3 _ 2)” 2) n(2 _
A= DU | Do RS >] L a=2,.. N (74)
| B=2 =2
F Y 1
3)~ 1 2) (1
00 = IS wd (wé),gé)wé)) , a=3,...,N
_5:3
— [ N —1
09 = | w T (A -6 -6 (A -e"))|, a=3....N
B=3

The system of equations for the lower moments g, wi”, ’LAL?), ﬁ)f) results from
insertion of (72, 73) into (63 - 66). For compact notation, we introduce even more
coefficients,

a; = [1775@3)]
ay = [Xgl)—ﬂg?’)}
@) _ o) @ A
Bo= (0 -60) =S wideg - (75)
B=3
By = A
By = AP
N
1 2 3
B |- S
B
Bs = ﬁ
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With this, we finally obtain a closed system of equations for the first four variables

1o, uﬁ%l), 1152), 1[)52) that includes the leading order terms of the third order
variables:
oty . owl)
ﬁ +e€ Oz = 0 (76)
an§1) +€23a§2> [ oa] 1 e
ot oz 3|7 " Oz 2
3’&(2) 61?)(2) a(2) aw(l)
20Uy~ | o OWy o i
c o tem Ox e ney + Ox

aw@) aa(z) 821f)(1) 821f)(2) w(l) il
2 2 2 12 1 _ 3 2 1 vHo
S o e Ox e par Ox? & fsT Ox? £hs k1) + Ox
A(2)
_ 5557

The use of the given e-orders for finding the appropriate set of equations for a given
order of accuracy will be discussed in Section 5.

4.5. 4th order variables. From (72, 73) we learn, that the u(s) and the wf’)g are
linearly dependent. By considering the first two elements of each we find by yet
another inversion

MOND APAD | ADRD ADAY

B3 _ Aa e _
Uy - - + = , = 2, ey N
3 ADHNE T \BRE 28 T REN G ERE)
(77)
3) (3 3)p(3 3)p(3 7(3) (3
" i — g9 e 098 — D0 P,

3+ = ——W ,
0:())3)94(13) 9(3)9(3) 9:(33)94(13)7923)91(13) 4,3

From this we conclude that we have to add ugB) and ug?’), and w§3) and wf) to the
final variables, and the fourth non-equilibrium variables must be defined as

3(3)(3 3)y 3)3(3) _ 3(3),(3
W (3)_)\&))\é) )\())\é) _)\&))\é) /\())\() - i N
) =g S @ 0,0 50,0 0,0 0 *=ho
As A3 — Ay )\3 A5 — Ay A
(78)
7(3) (3 3)5(3 3)5 (3
W @ 9&)94(1 ) _ 4 )9( ) (3) - 9&)9:()) e )0 (3) . N
we! =wi) — o G @@ T @@ @@t 0 A= B
0570, — 6576, 05770, — 6576,
(79)
At this stage, we have the final variables ug = 4 at zeroth order, wgl) = 6wgl)at first
order, u; = szu( ) and wéz) =c w( ) at second order, u(z) = 53u(3) (3) s3u§3),
wég) = 53w(3) 513) = 53w51 ) at third order. All other variables, ugf),w(;) are at

least of fourth order. The transport equations for u((l ), w((l) result from inserting

(78, 79) into the moment equations, just as in the previous rounds. We shall not go
there, however, but continue with the discussion of the set (76) which incorporates

only the leading order of the u& ), w((f).
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v=0 =1 ¥=25

N=1[N=2[N=4[N=10|N=10
MW | £=0333 |0.2083 | 0.2144 | 0.2146 | 0.2146 | 0.09712
a1 1 nja | 0.7843 | 0.8263 | 0.8266 | 0.6029
as | &£ =02667 | n/a |0.2160 | 0.2135 | 0.2135 | 0.1316
p® | £ =0.2667 | 0.1830 | 0.1619 | 0.1606 | 0.1606 | 0.08338
B 3,% =0.2571 | n/a |0.1790 | 0.1764 | 0.1766 | 0.1232
Ba 0 n/a | 0.0053 | 0.0065 | 0.0065 | 0.0043
Bz | 2 =02440| 1 |0.2157 | 0.1737 | 0.1734 | 0.07943
Ba 0 n/a | 0.0151 | 0.0161 | 0.0163 | 0.03190
Bs 1 n/a | 1.5565 | 1.5223 | 1.539 | 2.5678

TABLE 1. Coefficients for the equations (76) for isotropic scatter-
ing (v = 0) and for anisotropic scattering (v = 1,10) for various
number N of base moments.

4.6. Numerical values of coeflicients. The coefficients a; 2 and B1_5 in the
truncated transport equations (76) depend on the details of the scattering term
and the Grad closure through the matrices Rng, Unag and W, g. For isotropic scat-
tering (v = 0) the coefficients are those found before in Section 3. For anisotropic
scattering the coefficients depend on the strength of anisotropy v and on the num-
ber of moments N used as a base in the Grad method. Table 1 shows the coefficient
values for v = 0, for v = 1 with several values of N < 10, and for v = 5, N = 10.
Convergence of coefficients with increasing moment number N is clearly seen, fur-
ther increase of N does not change the results. The table also shows that the
coeflicients differ noticeably between isotropic and anisotropic scattering.

5. Model reduction by order of accuracy. In the previous sections we have
systematically derived a system of transport equations that includes leading terms
of the third order moments. While the resulting equations exhibit only the four
variables 1, uﬁgl), ﬁgQ), uﬁg) they are a condensed form of a full Grad-type
moment system with (2N + 1) moments. By application of the order of magnitude
method new variables were designed such that at a given order in £ the number of
variables is minimal. Thus, the final equations (76) contain all elements from the
(2N + 1) moments that are of third order.

Depending on the process to be described by the equations, it might suffice to
consider reduced systems, were reduction is based on the smallness parameter €. In
the following subsections we shall show how this last step of the order of magnitude
methods is performed on the scaled equations (76). For this, we define the order of
accuracy of a set of equations as follows [8]: A set of equations is said to be accurate

of order n, when the energy flux wy = wgl) is known within the order O (7).

5.1. Zeroth order accuracy. We have seen that the energy flux is of leading
order €, wy = w%l) = 61[)%1). Thus, the flux vanishes to zeroth order in . Trivially,

the corresponding equation gives the steady state,

8’&0

= =0 (80)
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5.2. First order accuracy. Now we consider the first order in the smallness pa-
rameter €. The first equation we need is the conservation law (76);

diig eawg”
ot oz
According to our definition of order of accuracy, we require the flux to first order.

This is extracted from the equation (76)2 from which we only require the leading
order contribution (which has order £°),

(1) R
1
0= _= [wl +6u0] . (82)

=0. (81)

3|7 " oz

Combination of these two equations and removal of the e-scaling (remove hats, set
e = 1) gives the diffusion equation for ug,

Ouy 1) 07uo

ot Ox?
Note that the diffusion coefficient 7x(") is computed from the full set of (2N + 1)
moment equations, see (50). The diffusion equation is the classical transport law

associated with the kinetic equation (1).

=0. (83)

5.3. Second order accuracy. To increase the order of accuracy we have to con-
sider higher order contributions to the flux 11)51). For second order, we need the
conservation law and the two leading terms (of order €° and e!) of the transport

equation for the flux (76)s,

oy owt!
o e = O
ol 12 o 1
o T T3 |0 T | T (84)

Since the second equation contains the term 8@52)7 the leading order of u?éz) is
required as well. The leading terms of the corresponding transport equation (76)4

give
(1) .
~(2) _& wq Buo
Y2 = 55T<[7'H(1) + Oz 1> ’ (85)

Combining the three equations above, we find a hyperbolic system that reads (e
scaling removed)

1
dug L 8w§ ) _—
ot ox
3w§1) 1 (2) 3u0 1 (2) 'lU§1)
ot +<37” e~ 3 ) o (86)

While the above contains only the equilibrium moment uy and its flux wgl), the
influence of other moment equations is manifest through the coefficients x(!) and
k2 = % We emphasize that the Grad moment system for the variables ug and

wgl) alone would yield different values of the coeflicients as long as anisotropic

scattering plays a role. Indeed, for v = 1 we find converged values (1) = 0.2146
and x(?) = 0.0106 whereas the Grad method with only uy and w; would give k(! =
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557 = 0:2083 and £®) = 0. For v = 5 we find converged values £(!) = 0.09712

and k(®) = 0.01242 whereas the Grad method with only 4y and w; would give
) _ 5  _ 2) _

1) = =05 = 0.08333 and £*) = 0.

5.4. Third order accuracy. For the third order set, we require the conservation

law (76); and the full equation (76)y for w§1)

oty 0wV

o Y

il Lo e o) 1o
ot o 3|70 " oz 712

The second order variable 1152) appears with the factor €2. Thus, at the present

order it is sufficient to have its leading term, which is obtained from (76)3 as

~(2) ~(1)
. Uy ow,
0=—ay [TH(Q) + o ] . (88)

The other second order variable wf), however, appears with the factor e'. Thus,

to have 2 accuracy in the equation for 11)51) we need not only the leading term for
ﬁ/§2) but also the first correction. In other words, the proper equation for wé” is

given by the two leading terms (of order ¢! and &2) of (76).,

~(2) ~(2) 2~ (1) ~(1) ~(2)
EQL% +&°B i 6252Ta Sl 2B, < lwl + 8u01 > — eB5 2 (89)
T

ot oz 0x2 &) " Oz

The resulting system is not hyperbolic but of a mixed type: some regulariz-

ing second order derivatives appear in the equations for wgl) and wéQ) (e scaling

removed):
dug n 811151) _ 0
ot or
1 1 1
6w§ ) —7u® ang : _ ! Lg ) Ouo | lvw(Z) (90)
ot Ox? 3|7 Oz T2
3@052) 2) 821051) w%l) Oug wéQ)
ot (M & +52) "oz —h ) * o | 7

The last equation is coupled to the first two only through the right hand side of the
second equation, vwém. This coupling vanishes for isotropic scattering, where v = 0.
Then, only the first two equations are required (with kD = % and p® = %)

In fact, we recover here, by rigorous derivation based on the order of magnitude
of moments and the order of accuracy of equations, a diffusive correction of higher
order (the expressions with second derivatives) which were proposed recently by
means of a different argument [14][5]. Interestingly, in [14] it was shown that the

diffusive closure gives a significant improvement of the closure.

5.5. Fourth order accuracy. Finally, we consider the fourth order of accuracy.

For this, we have to add the next higher order terms in the equations for 1152)
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and 12)%2). This gives the full system (76), which we repeat here with the e-scaling
removed:
8u0 awgl)
70 = 0 91
ot | ox 1)
8w§1) . 8u§2) _ 1 wgl) dug | Lyw@)
ot oz 3|7 Oz 2
au§2) ta 8w§2) o u§2) 8w§1)
ot Yor * 7@ oz
3w§2) +5 (9u(12) 5 7821I)§1) 5 78211)%2) - 5 wgl) n dug wéQ)
ot o ) 002 Sl S CD R T

Again, this system has a diffusive closure [14][5], now at higher order. Recall that ug

is the original equilibrium variable (number density) and wgl) = w; is its flux. The

other variables u(12) , wéZ) are higher order moments that describe non-local effects.
The equations were designed such that all information of the kinetic equation up to
4th order accuracy is included. For this all moments were needed up to their third
order terms. Should one be interested in higher order equations, one first has to go

back to Section 4 and add another round of reconstruction of variables, and so on.

6. Discussion. We have applied the order of magnitude method for the construc-
tion of macroscopic transport equations at a given order in the Knudsen number to
a kinetic equation with scattering. Due to the simplicity of the kinetic description,
the three steps of the method are relatively easy to perform. These are: Step 1:
Construction of a Grad-type system of moment equations of arbitrary size. Step
2: Construction of moments such that the number of variables at each order in the
Knudsen number (in the Chapman-Enskog sense) is as small as possible. Step 3:
Reduction of the scaled equations for the new variables to the required order of
accuracy in the Knudsen number.

The equations at any order are based on a larger (or, for isotropic scattering, even
infinite) set of moment equations. The order of magnitude method condenses the
larger system into the reduced one by retaining all elements of all moment equations
of the initial system that are needed for the desired level of accuracy.

An important feature of the method it that the relevant variables at any order
are constructed step by step. No intuition is required of what moments one should
use. For our simple kinetic model we used monomial moments to construct the
initial moment system, and found that the proper moments to use for the case of
isotropic scattering are P, moments (Legendre polynomials). However, the con-
structed variables depend on the scattering process, and for anisotropic scattering
a different moment set (not P, moments) is produced.

The resulting equations resemble moment equations of Grad type, only that the
specially constructed variables appear. The final equations at a given order of ac-
curacy are partial differential equations in time and space, where time derivatives
appear only in first order, and space derivatives in first and second order. In con-
trast to this, the application of the Chapman-Enskog expansion to higher orders
would yield equations with higher and higher order space derivatives [12], which
are problematic numerically, and which are associated with the stability problems
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of the Chapman-FEnskog method. These problems are avoided here, and it can be
expected that the equations are stable at any order [8][11].

Another, maybe even more important, aspect of the equations obtained from the
order of magnitude method is that they give a proper description of Knudsen bound-
ary layers. Indeed, Knudsen layers which describe mean free path effects close to
walls and interfaces are not included in the Chapman-Enskog scaling, which consid-
ers the gas only in the bulk. Therefore, equations derived by the Chapman-Enskog
method typically fail in the description of Knudsen layers [10]. The equations that
result from the order of magnitude method, however, have a moment structure,
and they retain the ability of sufficiently large sets of moment equations to describe
Knudsen layers. We refer the reader to Ref. [12], where we have considered the same
moment equations as obtained here for isotropic scattering, that is the P,- equa-
tions. It was shown that, when furnished with meaningful boundary conditions, the
equations exhibit Knudsen layers, where already a small number of moments gives
a remarkably good description, and a marked improvement over theories that do
not describe Knudsen layers.

The order of magnitude method was applied earlier to the Boltzmann equation
to find the R13 equations for Maxwell molecules [8], and the proper form of Grad’s
13 moment equations for arbitrary particle interaction potentials [9]. The method
can be applied to any kinetic equation for processes for which the Knudsen number
is finite. We hope that the present application to a simple kinetic equation will serve
as a teaching tool for researchers interested in the method, which should find more
interesting applications, e.g., to gas mixtures or polyatomic gases, in the future.
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Appendix A. Matrices in the Grad closure. Here we present the matrices
Rop, Uag and Wy for the Grad closure. The matrix R,g describes the flux on the
left hand side, and is not dependent on the scattering probability (all non-specified
matrix elements are zero):

0 1
0 1
1
Rog = (92)
0 1
G G G- o et O

The matrices Uyp and W, that describe the change of moments due to scattering
depend on the expression for the scattering term. With & (1) = 1+ yu? they read
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(all non-specified matrix elements are zero):

(1]

2]

(3

[4]
[5]
[6]

(7

8

9

(10]

(11]

(12]

(13]

1 —7¢1 Y
—YP2 I
—V¢3 I~

Uap = (93)

1 g
L Y6 —von &2 € - Yén-1 1+%N | yon
1 -
Iy
I~
Wap = (94)
1 g
L 7G G G e R (G I Sl TGN N
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