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Abstract

A model for the wetting and swelling of pores with water within a Nafion membrane,
based on minimizing all contributions to the total free energy, is developed. We
find that equilibrium state depends on entropic mixing forces and energetic surface
forces. The wetting of the pore relies on the entropic forces exceeding the energetic
forces. If the pore fills with liquid it will swell until balanced by the energy of the
deforming membrane. Several factors including pressure relative to saturation and
the phase which bounds the membrane are shown to dramatically affect the final
equilibrium state of the system.
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1 Introduction

The transport through bulk water presents an upper limit for protonic con-
ductivity; therefore, it is important to determine the permeation of the liquid
phase and its connectivity in order to quantify the various modes of proton
transport. Due to the complex nature of Nafion, SAS and WAXD studies re-
veal little morphological detail [1]; therefore, a number of descriptions of Nafion
morphology which differ significantly in their proposed spatial distribution of
ionic domains have been proposed.

In some of the earliest studies, Gierke et al. examined Nafion with small an-
gle X-ray spectroscopy (SAXS) and wide-angle X-ray diffraction (WAXD) [2],
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[3],[4]. From these studies they postulated the existence ionic clusters, 3-5 nm
in diameter, which are spherical inverse micellar in structure. In order to ex-
plain the high ionic conductivity found in Nafion, Gierke et al. proposed these
clusters were connected by channels, 1-2nm in diameter, yielding a cluster
network. A core-shell model was proposed by Fujimura, similar to the Gierke
model, where an ion rich core is surrounded by an ion poor shell which are
dispersed in a matrix of fluorocarbon chains [5], [6]. Another early model, by
Yeager and Steck, proposed the existence of three distinct regions within the
membrane: (A) a hydrophobic matrix, (B) an interfacial zone and, (C) ionic
clusters [7]. They propose that the ionic clusters are regions within the mem-
brane with a higher concentration of sulfonate acid sites at which the water
will tend to agglomerate. Litt proposed that ionic domains are hydrophilic
layers separated by thin lamellar PTFE crystallites [8]. Haubold et al. pro-
posed a similar structure to that of Litt, where the side chains and sulfonate
groups form shell layers which bound a core layer that can be either dry or
filled with solvent, forming a ‘sandwich’ structure [9]. A local order model
was introduced by Dreyfus et al. which is based on the existence of a short
range order, long range gas-like disorder and a fixed number of neighboring
ionic aggregates [10]. Kreuer provided an interpretation of SAXS data which
is based on the idea of a random arrangement of low dimensional polymeric
objects with spaces which can be filled by water [11]. Such a description is
also reflected in the AFM imaging conducted by McLean et al.[12]. Recently
the work of Schmidt-Rohr and Chen suggests a parallel cylindrical pore model
best suits the features of SAXS data [13], despite the fact that such a model
has not gained traction in the past amongst experimentalists [1]. This list is
by no means complete but serves to show the discordant interpretations of
experimental data that have been proposed. A far more exhaustive summary
of morphological models is given by Mauritz [1].

In the present work, based on previous work in [14], we aim at adding an-
alytical insight to the wealth of experimental work done in determining the
morphology of Nafion. Previous work such as that done by Choi et al.[15] [16],
and Futerko and Hsing [17], determine sorption in the membrane as a whole
in order to quantify sorption isotherms. Here the focus is on sorption on the
scale of micropores [18], in order to help quantify the complex microstructure
of Nafion as it sorbs water, in particular the distribution and connectivity of
the hydrophilic domain, and to add insight to the development of pore based
transport models such as [19], [20], [21]. Previously, we formulated a total
Gibbs free energy of a cylindrical pore system to determine whether or not
liquid would wet the pore depending on geometry [14]. In this work we intro-
duce spherical pores and construct ‘cluster-network’ configurations to observe
the effect of coupling spherical and cylindrical pores on the stability of the
liquid phase. We also introduce pore swelling and examine the effects of pore
geometry on swelling.
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Fig. 1. Cylindrical Pore System [14]

Fig. 2. Spherical Pore System

2 Total Gibbs Free Energy

The system we consider here is a closed system with a single Nafion pore
subject to a fixed pressure p, and temperature T [14]. See Figure 1 for a
cylindrical pore and Figure 2 for a spherical pore. The environment considered
is at or near saturation and therefore the chemical reaction dissociating the
sulfonate sites is considered to have occurred, whether or not bulk-like liquid
fills the pore.

From the first and second laws of thermodynamics, for a system with fixed
external pressure and temperature, one finds that the total Gibbs free energy
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in a system, G, goes to a minimum in equilibrium [22]:

dG
dt
≤ 0 . (1)

Writing out all contributions to G in terms of the Gibbs free energy in the
unmixed state, Gα = gα(T, p)mα, and the Gibbs free energy of mixing, Gα,mix,
gives

G = Gl +Gl,mix +Gp +Gp,mix +Gv +Gs +Gm . (2)
The subscripts α = l, p, v, s, andm refer to the liquid, protons, vapor, surface
and membrane, respectively. Since the membrane is phase-separated, there
is no mixing of the polymer chains with the liquid in the pore and thus no
corresponding entropic contributions.

Equation (2) is our governing equation in its most general form. This equation
is transformed by taking vapor as an ideal gas, assuming the liquid water and
protons in the mixture are incompressible, along with various constitutive
relations and mathematical techniques outlined in detail in [14], into a function
of geometric variables we are concerned with. We also introduce as a reference
state, the total free energy of a vapor filled pore G0 and subtract this from
Equation (2) to obtain

G − G0 =
"
(p− psat) +

RwT

vl
ln

Ã
Xl

pr

!#
Vl

+
h
gp (p)− g0p (p) +RpT

³
ln (1−Xl) + χplXl

´i
mp

+Gm −G0
m +Gs −G0

s. (3)

Here, Rα denotes the gas constant, where Rl = Rv = Rw. The protons within
the liquid mixture are referred to by mp and Vp, while the protons outside
the liquid boundary are denoted by m0

p and V 0
p ; χpl is the Flory interaction

parameter between liquid and proton [23]. The pressure relative to saturation
is denoted as pr = p/psat and the mole fraction of the liquid water in the
mixture is given by

Xl =
Nl

Np +Nl
(4)

where Nα is the mole number. The mole fraction of the protons in the mixture
is Xp = 1−Xl.

We are interested in determining whether liquid or vapor is energetically favor-
able in a given pore. By subtracting the free energy of a vapor filled pore, we
know that if the difference G − G0 is negative, then the free energy of the vapor
state is lower and therefore the vapor filled state is stable in equilibrium. Sub-
traction of G0 also conveniently eliminates various constants if r = r0, which
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occurs when we do not consider membrane swelling. We still have unknown
functions remaining in the free energy of the protons gp (p) − g0p (p), the free
energy of the membrane Gm−G0

m, and the surface free energy Gs −G0
s. The

subsequent sections detail revealing the structure of these functions.

2.1 Dissociation

Initially the H+(H2O)n is very strongly bound to the −SO−3 group where the
proton originated. As more waters are attracted to this acid site, a fraction of
the water is strongly bound in proton-transfer complexes [17]. This reduces the
effective water content of the membrane, and in turn increases the mobility of
the dissociated proton. It was proposed by Futerko et al. to treat the fraction
of waters strongly bound to the acid site λC (akin to chemisorption) as part of
the polymer, separate from the water that is free to equilibrate the chemical
potential of the system λF [17]. Therefore the total number of waters per
acid site in the membrane is given as λ = λF + λC. We assume that for the
vapor filled reference state the dissociation reaction has taken place and λC
water molecules are strongly bound to the sulfonate site. The number of these
waters is evaluated through the law of mass action as described by Choi and
Datta [15]. These waters are strongly bound and exist regardless of whether
a liquid phase fills the pore. For the purpose of this work, we assume that
the subsequent waters which form the liquid phase do not significantly alter
the free energy of the protons, therefore the gp (p) − g0p (p) term is negligible
and the bulk-like waters λF contribute in altering the total free energy due to
mixing only.

2.2 Elastic Free Energy

A change in the free energy of the membrane due to elastic forces occurs when
the membrane swells to a radius r greater than the initial radius r0, in order to
accommodate more liquid. The change in free energy of a polymer is entropic,
when the material is stretched the polymer chains have their configurational
entropy reduced. Flory developed a model which assumes a linear strain in the
deformation of the chains comprising the network and a Gaussian distribution
of polymer chain lengths [23]. Flory finds the change in free energy

Gm −G0
m =

kTνe
2

h
α21 + α22 + α23 − 3− ln (α1α2α3)

i
(5)

where k is the Boltzmann constant and αβ is the linear deformation factor.
νe is the elastically effective number of chains in the polymer network. Freger
points out that for a phase-separated polymer network such as Nafion, the as-
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sumption made in Flory-Rehner theory may not be appropriate; that neglect-
ing the interaction of the aggregates upon swelling is too large a simplification
[24]. Freger has developed an adaptation of the classical Flory-Rehner model
which describes the phase-separated swelling of the hydrophobic matrix as an
‘inflation’ rather than a dilution. Freger [24] proposes, for isotropic swelling
(αβ = α), the form

Gm −G0
m =

kTνe
2V0

h
2α−2/3 + α4/3

i
. (6)

In the present analysis we use Flory’s form. Flory’s model is an oversimpli-
fication not only because of the nature of the phase separation and but also
because there is both evidence of crystallinity which would cause effective
cross-linking and evidence of anisotropy through elongated polymeric aggre-
gates [25]. These factors are also not addressed by the Freger model, which is
not used as it would give a finite elastic free energy in the undeformed state.
A comprehensive description of the elastic deformation of Nafion has yet to
be formulated; however, since we consider a single microscopic pore, the phase
separation is already considered explicitly.

To define the number of chains that a pore is stretching we assume that the
volume of membrane being swollen is linearly proportional to the volume of
the pore

V T
m =

V0
φ
. (7)

Here V T
m refers to the total membrane volume of a pore, which includes pore

and backbone. The constant φ is a measure of the porosity of the membrane
and V0 refers to the volume of the unswollen pore in the membrane. What
this means is that each pore stretches a region of the membrane which is
proportional to its own volume. This divides the membrane in pores and the
volume of membrane that bounds in a strategy similar to that employed by
Freger. Therefore the number of chains stretched by one pore is assumed to
be

νe =
V0Av

φV̄ T
m

. (8)

This strategy is used as a first estimate to establish the number of chains
stretched during the deformation of a pore. In a subsequent section we vary
this value to determine the impact of varying membrane thickness about a
pore.

2.3 Surface Free Energy

The surface free energy is the additional free energy required to remove a
molecule from the bulk in order to create an interface between two coexisting

6



phases [26]. This energy is linearly proportional to the surface area of the
interface,

Gs = γ
Z
dA , (9)

where γ is the interfacial tension which has units of energy per unit area. In
our system we have three phase interfaces, and thus the surface free energy of
the system is

Gs = γsvAsv + γslAsl + γlvAlv (10)

where γsv, γsl and γlv are the interfacial tensions of the solid-vapor, solid-
liquid and liquid-vapor interfaces, respectively [26]. The surface free energy of
the reference state is given simply by

G0
s = γsvA

0
sv . (11)

Young’s equation,
γsv − γsl

γlv
= cos θ , (12)

relates the surface tensions to the contact angle at the three phase point.

2.4 Geometry Depedant Form

We now have a form of the total Gibbs free energy 2, which depends only on
geometric terms

G − G0 =
"
(p− psat) +

RwT

vl
ln

Ã
Xl

pr

!#
Vl

+RuT
h
ln (1−Xl) + χplXl

i
AU
slSp +

kTνe
2

h
α21 + α22 + α23 − 3− ln (α1α2α3)

i
+ γsv

³
Asv −A0sv

´
+ γslAsl + γlvAlv . (13)

where Sp represents the surface density of sulfonate sites (which are assumed
to be ionized) and AU

sl is the surface area of the unswollen pore in contact with
liquid. The mole fraction of liquid is then given by

Xl =
Vl

βAU
sl + Vl

(14)

where β = SpMw/ρw; Mw is the molar mass of water and ρw is the mass
density of liquid water.
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2.5 Spherical System

We now apply the spherical geometry into the equilibrium conditions. The
pore is either filled with liquid completely or is empty, we do not consider a
partially full pore with finite r < r0. The spherical agglomeration of liquid
water, which has a surface area of Al = 4πr2 and volume Vl =

4
3
πr3, only

has partial contact with the Nafion backbone such that the area of the solid-
liquid interface Asl = nAl = n4πr2. The surface area of the unswollen pore
in contact with liquid is then AU

sl = n4πr20 when full. The area of the liquid-
vapor interface, represented by the openings in Figure 2, is Alv = (1− n)Al

and Asv −A0sv = −nπr20 where r0 refers to the initial radius of the pore.

We assume that, when the membrane swells, the volume of the membrane
backbone itself remains constant, Vm = V 0

m. For the swelling of a spherical
pore the deformation along the surface of the pore is α1 = r/r0 and α2 = r/r0
and with Vm = V 0

m, then α1α2α3 = 1 therefore the change in thickness of the
membrane is given by α3 = (r0/r)

2. With this, along with equation (8), the
elastic free energy of the membrane (5) then becomes

Gm −G0
m =

2kTπr30LtAv

3φV̄ T
m

"
2
µ
r

r0

¶2
+
µ
r0
r

¶4
− 3

#
, (15)

for a spherical pore.

With the aforementioned geometric formulations for a spherical geometry, (13)
therefore yields,

G − G0 =
"
(p− psat) +

RwT

vl
ln

Ã
r3

pr [r3 + 3βnr20]

!#
4

3
πr3

+RuT

"
ln

Ã
1− r3

r3 + 3βnr20

!
+

r3

r3 + 3βnr20
χpl

#
Spn4πr

2
0

+
2kTπr30LtAv

3φV̄ T
m

"
2
µ
r

r0

¶2
+
µ
r0
r

¶4
− 3

#
+ γsvn4π(r

2 − r20) + γlv(1− n− n cos θ)4πr2 . (16)

Equation (16) is our governing equation for the spherical pore. It is entirely
defined by the geometric parameters n, r and r0 and the state variables p and
T which are imposed on the system.
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2.6 Cylindrical System

The geometry of the cylindrical pore is as shown in Figure 1. It is assumed
that the liquid agglomeration fills the pore completely in the radial while the
filling length L is varied or the pore is assumed empty. Situations in which
the radius of the liquid r is smaller than the unswollen radius of the pore r0
are not considered. The surface area of the liquid is Al = 2πrL+ 2πr

2aθ and
the volume of the liquid is Vl = πr2L+ 2π

3
r3bθ where aθ = 2 [1 + sin θ]

−1 and
bθ = 2 sec

3 θ [sin θ − 1] + tan θ are functions which define the curvature of the
ends. The area of solid-liquid interface Asl = 2πrL, the liquid-vapor interface
Alv = 2πr

2aθ and Asv−A0sv = 2πr(Lt−L), where Lt is the total length of the
pore. The area of the unstretched solid-liquid interface AU

sl = 2πr0Lt. When
the length L of the liquid in the pore is zero, Vl = 2Vend, due to the curved
ends which remain.

For the swelling of a cylindrical pore we constrain deformation of Lt such
that α1 = 1. The stretching of the length of the perimeter of the cylinder is
α2 = r/r0. Because we assume Vm = V 0

m, then α1α2α3 = 1, and therefore
the thickness of the membrane surrounding the pore changes by α3 = 1/α2.
Substituting this into equation (5) yields

Gm −G0
m =

kTπr20LtAv

2φV̄ T
m

"µ
r

r0

¶2
+
µ
r0
r

¶2
− 2

#
. (17)

With the geometric delineation given above for a cylindrical geometry, (13)
therefore yields,

G − G0 =
"
(p− psat) +

RwT

vl
ln

Ã
r2L+ 2r3bθ

pr [2βr0L+ r2L+ 2r3bθ]

!#Ã
πr2L+

2πr3

3
bθ

!

+RuT

"
ln

Ã
1− r2L+ 2r3bθ

2βr0L+ r2L+ 2r3bθ

!
+

r2L+ 2r3bθ
2βr0L+ r2L+ 2r3bθ

χpl

#
2πr0LSp

+
kTπr20LtAv

2φV̄ T
m

"µ
r

r0

¶2
+
µ
r0
r

¶2
− 2

#
+γsv2π(r−r0)Lt−2πrLγlv cos θ+2γlvπr2aθ .

(18)

Equation (18) is the governing equation for the cylindrical system. It is entirely
defined by the geometric parameters L, r and r0 and the state variables p and
T .
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3 Physical Implications

In the previous section we determined governing equations for the total free
energy of both a spherical pore (16) and a cylindrical pore (18). In this section
we examine the stability of liquid in a spherical pore and revisit results for
the stability of liquid in a cylindrical pore from previous work [14]. With the
wetting criteria for both spherical and cylindrical pores we can determine the
effects of coupling such pores into a ‘cluster-network’ and also provide insight
into the nature of long cylindrical water channels from more recent studies
[13]. In our formulation we subtracted the constant free energy of a vapor
filled pore G0, hence if G − G0 is negative then liquid is favorable else vapor is
favorable. After determining conditions for liquid stability we define a channel
such that wetting occurs to determine the level in which the pore swells.

To compute the surface density of protons we assume Sp = C
³
V̄ T
m · S

´−1
,

where V̄ T
m is the specific molar volume of the membrane, S is the specific pore

surface area, and C is a parameter we use to vary the value. We take the
values, V̄ T

m = 537 cm3/mol and S = 210m2/cm3 for Nafion 117 from [16],
and [18], respectively; with C = 1, Sp = 8.87 × 10−6mol/m2. To compute
G − G0 we use a value of θ = 98◦ taken from Zawodzinski et al. [27], which
was measured at pr = 1. Zawodzinski et al. finds that θ varies with water
content; however, we are concerned with states near saturation therefore θ is
held constant. For lack of a detailed data set we assign χpl = 0 as in [28].

3.1 Pore Wetting

3.1.1 Unswollen Spherical Pores

We consider the case of spherical pores restricting the analysis to rigid pores,
r = r0, thereby investigating the size of the pore in which liquid fills the pore
stably. The governing equation for the total free energy of a spherical pore
system (16) for rigid pores yields

G − G0 =
"
(psat − p) +

RwT

vl
ln

Ã
Xl

pr

!#
4

3
πr30+

RuT ln (1−Xl) 4πr
2
0Spn+ [(1− n)− n cos θ] γlv4πr

2
0 , (19)

with
Xl =

r0
r0 + 3βn

. (20)

Figure 3 shows (19) plotted against r0 for values of surface coverage n =
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Fig. 3. Total Free Energy vs r0 (n = 0.4, 0.5, 0.6) - Spherical Pore.

0.4, 0.5, 0.6. Recall that the surface coverage represents the ratio of solid-liquid
interaction to the total area of the liquid droplet, whereas 1 − n represents
the ratio of the pore that is open to channels, yielding a liquid-vapor interface
for a liquid filled pore. Since r is restricted to r0 this plot represents full pores
of various sizes throughout the membrane, not pore growth. We see in the
plot that as the surface coverage increases the critical radius for the stability
of liquid decreases. These results may seem counter-intuitive at first glance,
considering that Nafion is a hydrophobic surface; however, (19) stipulates that
as we increase surface coverage (i.e. solid-liquid interface) we decrease liquid-
vapor interface (1 − n) proportionally. The factor cos θ therefore means that
an increase in the solid-liquid interface will have a lesser effect on the total
free energy of the system than the corresponding decrease of the liquid-vapor
interface. Increasing the surface coverage also increases the fraction of protons
to water molecules that are in the mixture. In Figure 3 we see that for a
fractional surface coverage of n = 0.6, liquid is stable in regions of radii larger
than approximately 1.3nm. If we decrease the surface coverage to n = 0.5, the
stability criterion for liquid stability shifts to 3.4nm and even higher values
for further decreasing coverage. Conversely, as the surface coverage goes to
n = 1, i.e., no liquid-vapor interface at all, the critical radius is negligibly
small (0.75 Å). We see again that at saturation (pr = 1) the entropic desire for
liquid dominates the hydrophobic repulsion of backbone surface. The inclusion
of a liquid-vapor interface strongly impacts the system and we see that larger
agglomerations are required for stability with decreasing surface coverage.

It is important to focus mainly on the trends in the plots as the values are
sensitive to the parameters chosen, such as surface density of sulfonate sites
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Fig. 4. Total Free energy vs r0 (θ = 107◦ and C = 1, 1/2, 1/4) - Spherical Pore.

and contact angle of the backbone. The surface density of sulfonate sites was
computed using the pore-specific surface value proposed by Divisek et al.
using SPM methods [18]. In their calculation Divisek et al. assume the entire
volume of micropores to be composed of pores with a radius of 1nm. Although
differential curves of pore surface area seem to imply a sharp peak in the
contributions to surface area centered around pores of radii of 1.5nm, the value
used for Sp can only be taken as an approximation if indeed the SPM method
produces accurate results. The value of the contact angle θ can also only be
considered an approximation. In the work by Zawodzinski et al., the contact
angle of liquid water and Nafion was measured at the surface of the membrane
where the properties may be dissimilar to those within the membrane. It
has been proposed that the membrane may be covered with a nanoscopic
hydrophobic ‘skin’ [27][12].

The effect of the parameters θ and Sp is shown in Figure 4. We show that
stability criteria can change by plotting the free energy of a spherical pore of
n = 0.95, with θ = 107◦ and C = 1, 1/2, 1/4. An increase in contact angle, and
a decrease in sulfonate site density, dramatically increases the critical radius
for the stability of the liquid phase.

3.1.2 Unswollen Cylindrical Pores

We recall briefly the results for rigid cylindrical pores [14], in order to examine
the recent parallel pore model proposed by Schmidt-Rohr and Chen [13], and
to examine the effect of the coupling of spherical and cylindrical pores.
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Fig. 5. Critical Length vs r0 (pr = 0.8 : 1.2) - Cylindrical Pore.

The critical length Lcrit (r) is obtained as the solution of G − G0 = 0 from
18 with r = r0. Figure 5 shows a log-log plot of Lcrit (r) for various pres-
sure ratios pr. The curves indicate that the stability of liquid depends on the
level of saturation. The effects of the pressure ratio pr are much stronger for
wider pores, where the entropic effects begin to dominate. We see that in at
saturation, pr = 1, the change in Lcrit with r0 remains fairly linear. For under-
saturated environments, pr < 1, as pores become wider the critical length
grows infinite making very wide pores totally unstable, regardless of length.
In over-saturated environments, pr < 1, the opposite is true, as pores become
wider, Lcrit becomes negligible, meaning the pores are stable for any length.

Schmidt-Rohr and Chen have estimated from SAXS data that the water chan-
nels in Nafion have an average radius of 1.2 nm [13]. We see in this theoretical
analysis that pores of that size would be less susceptible to fluctuations in sat-
uration than wider pores. Moreover the Schmidt-Rohr findings conclude that
the persistent length of the pores is longer than expected, on the order of tens
of nanometers, we see here that this analysis predicts that such a geometry
would be very stable even with moderate under-saturation.

3.1.3 Cluster and Channel Configuration

The cluster-channel morphology introduced by Gierke et al. can be decon-
structed into a network of the cylindrical and spherical pores discussed above.
For a channel separating two clusters, the energetics of the clusters would be
described as above with n equal to the ratio of the area of polymer interface
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over the total area of the spherical region. From the dimensions for the Gierke
cluster-network model, this would imply n ≈ 0.95, and therefore liquid would
be very favorable in saturated conditions. A channel between two liquid filled
clusters is indeed equivalent to a cylindrical pore that is bounded by saturated
liquid. From the analysis in [14], we know that in saturated liquid conditions
a liquid filled channel is energetically very favorable in comparison to vapor
filled. It is also interesting to note that, if the clusters were not liquid filled,
the channel between the clusters (L = 1nm and r0 = 0.5nm) would not be
filled with liquid as well (see Figure 5).

What we see then, in general, is that with the geometry described by Gierke
et al., spherical pores (or clusters) will fill first, and if there is a cylindrical
pore (channel) joining two clusters it will then proceed to fill. There is very
little information available on the formation of channels between ionic clusters.
Despite this, Ioselevich et al. insist the channels are required to explain the
high protonic conductivity of Nafion as in the Gierke model [29]. They outline
a methodology in which the formation of channels may be investigated using
the minimization of free energy in [29], which is a similar strategy to the
analysis employed in this work. We must note that while in the geometry of
Gierke et al. the spherical pores are prerequisite to ensure the stable filling
of channels, the cylindrical pores described by Schmidt-Rohr and Chen are
stable independent of spherical pores.

4 Pore Swelling

In this section we prescribe an initial configuration, for a cylindrical pore and
a spherical pore, such that the pore will be filled with liquid, according to the
analysis in the previous section. We then allow the pore to swell past the initial
radius in order to observe the effects of the deformation of the membrane on
the total free energy of the system.

4.1 Cylindrical Pore Swelling

A full pore in Nafion may begin to swell in order to take on more water.
The increase water content alters entropy of mixing and the swelling of the
membrane increases the interfacial area thus increasing the surface free energy.

To compute the amount of swelling for a given pore we use the governing
equation for the total free energy of a cylindrical pore system (18). We assume
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Fig. 6. Total Free Energy vs r (φ = 1/2, 1/3, 1/4) - Cylindrical Pore
(r0 = 0.5nm, Lt = 2nm).

that the solid-vapor surface tension is negligibly small and accordingly set
γsv = 0. We specify the geometry of the undeformed pore as r0 = 0.5nm,
and Lt = 2nm. Dimension similar to those proposed by Gierke et al. for their
network channels. The length of the channel is such to ensure the stability of
the liquid phase as indicated in Figure 5. The porosity of the membrane, φ,
specifies the ratio of the undeformed pore size to the amount of membrane
that it stretches as given by (7). Divisek gives a pore volume to membrane
volume ratio of 0.38 for Nafion 117 in a saturated vapor environment, and up
to 0.44 for Nafion 112 [18]. The value of porosity for Nafion 117 translates
to λ = 18.3. indicating that some of the water is likely surface water; several
values are used here for a lack of more comprehensive data.

In Figure 6 we plot the G − G0 as a function of r for values of φ = 1/2, 1/3, 1/4.
We see that despite the liquid filled state being favorable, no swelling would oc-
cur, which is contrary to experimental evidence. The problem is that we specify
that the channel will swell uniformly, which would cause the liquid-vapor in-
terface to grow along with the channel radius. The liquid-vapor interface is a
dominant contribution to the free energy and therefore the total free energy
of the system grows when r is increased. In all likelihood, we presume, the
channel would rather deform in an irregular fashion, keeping the liquid-vapor
interface relatively constant.

To approximate non-uniform deformation, we restrict the liquid-vapor inter-
face to r0, while allowing the rest of the channel to deform to r. Figure 7 shows
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Fig. 7. Total Free Energy vs r (φ = 1/2, 1/3, 1/4) - Cylindrical Pore
(r0 = 0.5nm, Lt = 2nm) with a constant liquid-vapor interface.

the total free energy of the cylindrical pore systemwith a constant liquid-vapor
interface of radius r0 over r > r0 for values of porosity φ = 1/2, 1/3, 1/4. The
figure shows distinct minima of total free energy at values of r > r0, and in-
creasing with porosity. Increasing porosity implies an decrease in the effective
amount of polymer that is deformed, accordingly the equilibrium radius of the
swollen pore is increases. At a porosity of 1/2 the pore is deforming to up to
three times its radius, which would lead to a two-fold membrane deformation;
at a porosity of 1/4 the pore size doubles which would give a 125% growth of
the entire membrane 1 .

Keeping the liquid-vapor interface constant is an idealization that is perhaps
too great to yield accurate results. Nevertheless, we can see that the contri-
bution of the liquid-vapor interface to total free energy is dominant enough to
predict rather non-uniform swelling of a liquid filled cylindrical pore with such
an interface. Equation (18) shows that the contribution of the liquid-vapor in-
terface, to the total free energy of the system, does not depend on Lt and thus
if the length of the liquid in the pore is very large (facilitated by a large Lt),
compared to the radius of the liquid-vapor interface then the significance of
the interface becomes marginal and we can then potentially see an increase in
the liquid vapor interface.

1 We relate pore volume to membrane volume using (7).
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Fig. 8. Total Free Energy vs r (n = 0.8, 0.95, 1) - Spherical Pore (r0 = 0.5nm).

4.2 Spherical Pore Swelling

We repeat the analysis for the swelling of a spherical pore. The constants
specified above are again used, and the initial radius of the pore is set to
r0 = 2nm which is the value set by Gierke and Hsu [3] [4]. In Figure 8 we
study the swelling of a spherical pore swelling with φ = 0.25 for values of
n = 0.8, 0.95, 1. We see that no swelling occurs at lower values of the surface
coverage parameter n, and increases with larger n. This, again, shows that the
liquid-vapor interface plays a dominant role in swelling behavior.

For further study, we consider a fixed surface coverage of n = 0.95, so that the
spherical pore has a large solid-liquid interface in comparison to the liquid-
vapor interface. Figure 9 shows the total free energy of this pore for varying
values of porosity φ = 1/2, 1/3, 1/4. We see, again, that as the amount of
polymer per pore decreases, and we observe an increase in the final equilib-
rium radius of the pore from 2.35nm − 2.6nm, between φ = 1/4 and 1/2,
respectively.

As in the cylindrical case, in an effort to simulate nonuniform swelling, we fix
the liquid-vapor interface to be constant. The liquid-vapor interface is held
at (1− n) 4πr20, while the rest of the pore grows with r. Figure 10 shows a
spherical pore swelling with n = 0.95 for values of φ = 1/2, 1/3, 1/4; however,
this time with the liquid-vapor interface constrained. We see somewhat more
swelling with this modification, despite the small liquid-vapor interface with
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Fig. 9. Total Free Energy vs r (φ = 1/2, 1/3, 1/4) - Spherical Pore (r0 = 0.5nm).
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Fig. 10. Total Free Energy vs r (φ = 1/2, 1/3, 1/4) - Spherical Pore (r0 = 0.5nm)
with a constant liquid-vapor interface.

n = 0.95 2 . We see that the initial radius of r0 = 2nm swells to a radius
between 2.5nm− 3nm, depending on porosity.

In a similar analysis of the equilibrium size of spherical clusters of water in

2 n is defined at r0, since we are holding the liquid-vapor interface constant and
allowing the pore to grow in r, n is effectively increasing as well.
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Nafion [3] [4], Hsu and Gierke find that for Nafion 117, clusters of diameter
3.99nm should be observed in a saturated environment. Hsu and Gierke do
not focus on regions which may support liquid wetting, instead their analy-
sis presupposed uniform dry cluster sizes of 2nm throughout the membrane,
which swell to 4nm in equilibrium with a saturated vapor. We find somewhat
less swelling, with an equilibrium radius of not more than 3nm resulting from
our analysis. Hsu and Gierke make the assumption that each cluster stretches
an infinite and continuous elastic medium, which is defined by an empirical
tensile modulus G (c). Freger points out that approximating the polymer as a
Hookean medium to yield an elastic energy for polymer is imprecise [24], we
used here a change in free energy derived from the change in entropy of poly-
mer chains as they are stretched [23]; this could explain some of the difference
in the results.

5 Conclusions

The conductivity of a Nafion membrane has been shown to depend strongly on
the amount of water sorbed. Experimental analysis of membranes has lacked
sufficient detail to determine a conclusive morphological model of a Nafion
membrane upon sorption. Since bulk water can be seen as the upper limit of
protonic conductivity, it is important to determine the permeation of bulk-
like water throughout the membrane in order to establish rigorous transport
models.

We showed how the wetting of pores in a Nafion membrane is dictated by
a competition of energetic and entropic forces. The energetic forces are due
to the interfaces present, and accordingly scale with interfacial surface area.
The entropic forces arise from mixing and the level of saturation; these forces
scale with volume. Decreasing the surface density of sulfonate sites decreases
the entropic desire for liquid water and increasing the hydrophobicity of the
surface increases the energetic desire for vapor, both leading to an increase
of the critical radius and critical length for the stability of liquid. The model
shows that a cylindrical channel bounded by two water filled pores is very
likely to sorb liquid water as this removes the liquid-vapor interfaces. The
model also validates the stability of long thin channels proposed in recent
studies.

Nafion is known to swell as it takes on water. To gain insight into this phe-
nomenon we modeled the swelling of pores on the microscopic level. It was
shown how, if present, a liquid-vapor interface is a dominant contribution to
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the total free energy of the system, in particular for short pores. This leads to
the conclusion that swelling at pore size level will be non-uniform.
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6 List of Symbols

aθ end area function (1)

A area (m2)

AU unstretched area (m2)

bθ end volume function (1)

g specific Gibbs free energy (J/kg)

G Gibbs free energy (J)

Gel elastic free energy of membrane (J)

Gmix Gibbs free energy of mixing (J)

G total Gibbs free energy of the system (J)

k Boltzmann constant (1.381× 10−23 J/K)

L length of liquid agglomeration (m)

Lt length of pore (m)

m mass (kg)

M molar mass (kg/mol)

N number of molecules

p pressure (Pa)

pr pressure ratio (1)

psat saturation pressure (Pa)

r radius of liquid agglomeration (m)

r◦ unstretched pore radius (m)

R specific gas constant (J · kg−1K−1)

Ru universal gas constant (8.314 J ·mol−1K−1)

Sp surface density of protons (m−2)

t time (s)

T temperature (K)

v specific volume (m3/kg)

V volume (m3)

X mole fraction
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Greek Symbols

α volume ratio of stretched to unstretched pores

β SpMw/ρw (m
−2)

γ interfacial tension (J/m2)

θ contact angle ()

λ water content ()

νe effective number of chains in the polymer network ()

ρ mass density (kg/m3)

χ interaction parameter ()

Subscripts

l liquid

lv liquid-vapor

m membrane

p proton

s surface

sl solid-liquid

sv solid-vapor

v vapor

w water

Superscripts

0 unstretched vapor filled reference state
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Reply to the Reviewers’ comments on 
Thermodynamics of Pore Wetting and Swelling in Nafion 
by G.J. Elfring and H. Struchtrup 
Journal of Membrane Science 
Ref.:  Ms. No. JMS-071039 
 

o Please note references [13] to [23] and [24] to [27] from the initial manuscript have 
become [14] to [24] and [26] to [29] respectively, in the revised manuscript. All 
references are pertinent to the revised manuscript. 

 
o Changes are referred to by page A and paragraph B as pg. A pr. B 

 
General Changes: 
 
• Reference to the recent Schmidt-Rohr and Chen publication has been added [14] 
• Reference to the recent Rubatat et al. publication has been added [25] 
 
Both reviewers raised important points and in particular Reviewer 1 made a lengthy list of 
suggested changes that we feel has made the revised manuscript much more thorough; in 
particular, it has given us a chance to address the findings in the Schmidt-Rohr and Chen 
paper published in Nature Material this January after the initial manuscript was submitted. 
Below we address the points raised by both reviewers and list the changes made in the 
revised version in reference to those points. 
 
Reviewer #1 
 
• Reviewer 1 feels that the in the paper the modeling effort relies on the Gierke model, 
which was state-of-the-art back in 1983. The main (major) revision needed is to address the 
current recognition (recent models by Rubitat and Schmidt-Rohr) that the ionic domains are 
anisotropic in nature and rather rod-like as opposed to isotropic spherical pores. 
 

Here we wish to emphasize that the paper is based on simple spherical and cylindrical 
geometric constructs which can be used to assemble and analyze the antiquated but still often 
used Gierke model but just as easily can analyze the thermodynamic stability of the parallel 
pore model suggested recently by Schmidt-Rohr. Indeed the revisions to this paper include 
such an analysis which shows that this model predicts that the Schmidt-Rohr cylindrical 
channels are thermodynamically rather favorable. We have revised the manuscript to include 
these details on pg.2 pr.1, pg.13 pr.2, pg.14 pr.2, and pg.19 pr.3. 
 
• The reviewer states that: the concept that large open pores exist in the membrane in dry 
conditions is unrealistic and does not agree with recent PAS studies of Nafion. 
 
We agree that the evolution from a dry membrane to near-saturated conditions is beyond the 
scope of this paper; we now state more specifically that we are only considering near-
saturation equilibrium conditions for liquid filled pores on pg.3, pr.1. 
 

* Revision Letter/Notes



• The reviewer states that: It would have been nice to restate the main assumptions 
considered in the previous paper [ref 14] that lead to equation (3), which are: liquid 
agglomeration fills the pore radially, environment close to saturation, proton are 
incompressible and the total volume of the protons stays constant. 
 
We agree that some more of the more important details from [14] should be restated here in 
order to establish a more convenient independence of this particular work. We have revised 
the manuscript to include these details on pg.4 pr.2. 
 

• The reviewer states that Equation (3) in this paper (as a function of free energy of the 
membrane and surface free energy) is not in the same form as equation (36) in reference 
[14] (as a function of Helmholtz free energy of the membrane and surface Helmholtz free 
energy).  And asks what considerations are different here? 
 
We have made this equation more compact by using the Gibbs free energy rather than the 
Helmholtz free energy but they are in fact the same equation. 
 
• The reviewer states that:  For equation (5), can you briefly add the assumptions made by 
Flory in order to understand why Freger stated that the Flory swelling model may not be 
appropriate to Nafion.  However, as you underline, the Flory model is not appropriate, but 
you still use it. Would it not be more reasonable to derive your work from the Freger 
swelling model?  Nevertheless, is this treatment an over simplification based on what is 
known about Nafion morphology and properties? 
 

We have included the assumptions made by Flory to the revised manuscript. We also 
emphasize the reasons why Flory’s model is an oversimplification, namely that the 
crystallinity of the Nafion provides effective crosslinks and there is evidence of the 
anisotropy of polymeric aggregates; but also, that there is no consensus method that provides 
an effective alternative. In particular Freger’s model also suffers from these faults but has a 
nonphysical finite free energy of stretching at the rest state. Certainly we agree a 
comprehensive alternative to Flory’s model for Nafion would certainly be welcome. The 
revisions to the manuscript are found on pg.5 pr.3. 
 
• The reviewer states that: Equation (7) states that the volume of membrane is linearly 
proportional to the volume of the pore. Do you have any references or experimental evidence 
that supports this conclusion? You are assuming a two phase model that Nafion is exclusively 
made of a perfluorinated backbone as the matrix and ionic aggregates as the pores.  Is there 
ant contribution from more local free volume between chains? 
 

We use linear proportionality as a first estimate to establish the amount of membrane 
deformed by any particular pore for the purpose of analyzing swelling but we in fact study a 
range of values. We now state this fact more clearly and refer to the plots of changing 
porosity to describe how the change in membrane per pore affects the swelling. These 
changes in the manuscript are found on pg.6 pr.2. 
 
• The reviewer states that we should add the figure that was in paper [14] that shows the 
contact angle at the three phase points that supports Young's equation (12). 



 
This figure is now included on in pg.3. 
 
• The reviewer states that: It is difficult to follow the mathematical developments and 
geometrical arguments that lead to equations (15), (16), (17) and (18) from equations (5) 
and (8).  Perhaps the authors could consider adding an appendix or "supplementary 
materials" that could contain the detailed derivation of the important equations. It helps to 
understand the assumptions made and how they affect the final formulas. 
 
Rather than add supplementary materials we’ve attempted to elaborate the geometric 
arguments to make the section less obfuscated. These changes in the manuscript are found on 
pg.8 pr.1-2 and pg.9 pr.1-2. 
 
• Make sure the reader understands that when you talk about pore size, you also mean 
ionic aggregate size. 
 
Thanks for this note; a typo on pg.10 pr.1 which caused an ambiguity has been corrected. 
 
• I am wondering if the contact angle taken into account really reflects the contact angle of 
water in very small channels. Surface contact angle and bulk contact angle may be different 
due to the geometry. The authors looked at the effect of a change in the contact angle and 
surface density of protons, but it would be interesting to see how the contact angle is affected 
by the size of the pores. 
 
Certainly the current experimental data leaves much to be desired. Measurements of the 
contact angle in Nafion would be most insightful; again, the uncertain nature of the contact 
angle, as you note, is why we studied the affects of its variation. 
 
• Figure 5 needs more explanation. I am not sure how that graph needs to be analyzed. 
Perhaps it would help to define the areas of stability/instability and the areas of under/over 
saturated environments. 
 
We’ve rewritten the explanation of Figure 5 on pg.13 pr.1 to better define the regions which 
indicate stability and instability and over and under saturated environments. 
 
• The reviewer states that:  The cluster and channel configuration paragraph clearly shows 
that the model developed is based on the morphology proposed by Gierke and also under one 
specific condition which is in saturated liquid conditions. The authors ignore the transient 
conditions that lead to a swollen membrane. The swelling process is composed of both 
sorption of vapor water and liquid water, or vapor water that then condenses to form liquid 
water. How does it affect the model?  What if there is a structural evolution (where the 
geometry changes) as proposed by Gebel?  This is again a more modern approach to that of 
Gierke. 
 
As mentioned above, we would like to point out that the model was developed not based on 
the Gierke morphology but with simpler geometric constructs; therefore, an analysis of the 



Schmidt-Rohr parallel pore morphology can be done in the same manner, as shown on pg.13 
pr.2.   
 
• The reviewer states that:  The second paragraph (page 15) underlines the fact that the 
model for a cylindrical channel is valid if the channel is entirely filled with liquid water. Are 
there any conditions that could lead to an increase of a liquid vapor and solid vapor 
interfaces? 
 
If a change in pressure caused the liquid to become unstable then this would lead to 
evaporation. The liquid vapor interface is a large positive contribution to free energy 
therefore it would have to be negligible in magnitude such as for very long thin channels. 
These details are found on pg.16 pr.2. 
 
• The reviewer states that:  According the last paragraphs, the reader may get to the 
conclusion that the swelling of Nafion membrane is mainly due to spherical pore swelling.  Is 
it what the authors really want to say?  Again, what if spherical clusters do not exist at all - 
just cylindrical channels as indicated with modern SAXS studies. 
 
The conclusions have been revised to put less emphasis on the spherical pores and to include 
reference to the long cylindrical pores put forward in the Schmidt-Rohr work. These details 
are found on pg.19 pr.3. 
 
• The Reviewer concludes that overall, this is an interesting and important field of 
study.  With these detailed considerations of the thermodynamics it would be MOST valuable 
to the community to consider the state-of-the-art morphology, as opposed to an old model 
that is basically discounted. 
 
As described above we’ve included numerous references to the Schmidt-Rohr work 
published in January in Nature. We feel that this work anticipates their findings and shows 
how the long thin cylindrical channels are a very thermodynamically stable geometry. 
 
Reviewer #2 
 
• The reviewer states that:  The total Gibbs energy could be written with geometry depend 
free energy expressions. 
 
We’re not certain if this comment was meant to state geometry independent free energy 
expressions; if so, we point out that before the geometric properties are applied, the 
derivation is done in a general fashion culminating in equation (13). 
 
• The reviewer states that: this paper adopted the old Flory's model, and there are some 
concerns regarding applying this approach in the Nafion system. 
 
As noted above we’ve included more details on the assumptions made by Flory and the 
concerns with its use for Nafion. These details are found on pg.5 pr.1. 


