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Abstract

This work entails modeling the thermodynamic forces contributing to the total free energy of a Nafion membrane to find how liquid water
equilibrates and agglomerates inside the membrane. Since the sulfonate acid sites attract water to dissociate, there is a mixture of water and ions
within the Nafion membrane. This mixture contributes an entropic term to the free energy of the system which decreases with increasing water
content. The hydrophobic Nafion backbone yields a contact angle greater than 90° when in contact with water. This curvature in the surface of
the water induces a capillary pressure which can be very high if the size of the agglomeration is small. As the membrane takes on water, polymer
chains of the Nafion are stretched and straightened reducing their configurational entropy. Minimizing the free energy under the influence of all
these forces at varying pressures and temperatures gives insight into the nature of liquid or vapor filled pores throughout a Nafion membrane.
Specifically it indicates a critical pore size in which liquid or vapor is the favorable state.

© 2007 Elsevier B.V. All rights reserved.

Keywords: Nafion; Water; Sorption; Equilibrium; Stability

1. Introduction

A fuel cell offers a means to harness the difference in energy
when hydrogen and oxygen are combined to form water. In
a polymer electrolyte membrane (PEM) fuel cell, a polymer
membrane, usually Nafion, separates the two reactants. The
hydrogen gas is oxidized on the surface of the electrolyte into
protons and electrons. The oxidation reaction is catalyzed by
the presence of platinum particles. The membrane acts as an
electronic insulator, but allows protons to pass. The electrons
are given a path through which they perform work such as
powering an electric motor. The reaction is completed as the
electrons are diverted to the anode side of the membrane where
they react with the protons and oxygen to form water. The level
of protonic mobility in the membrane is a function of the level
of water content. As water content increases there is a greater
interconnection of the liquid phase in the membrane. Bulk
water offers extremely high protonic conductivity and as water
content increases, Nafion membranes attain more bulk-like

* Corresponding author. Tel.: +1 2504725641; fax: +1 2507216323.
E-mail address: gelfring@me.uvic.ca (G.J. Elfring).

0376-7388/$ — see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.memsci.2007.03.044

transport characteristics [1]. It is therefore critical to examine
the nature of water uptake in a Nafion membrane.

Nafion is a sulfonated fluoropolymer; it is comprised of a
polytetrafluoroethylene (PTFE) backbone (or matrix), and side
chains ending in sulfonic acid groups, see Fig. 1 [2]. The sul-
fonic acid group, —SO3H, has an affinity for, and dissociates in
the presence of water. With increasing water content, the disso-
ciated protons (H*) become less strongly bound to the —SO3~
head and therefore facilitate proton conductivity. Since the acid
group attracts water in its desire to dissociate, it is hydrophilic.
When the acid group dissociates, the proton bonds with a water
molecule forming a hydronium ion (H3O™) [3]. The liquid water
forming around the acid group thus becomes a mixture with the
hydronium ion. This mixture affects a change in chemical poten-
tial. Therefore, when a Nafion membrane is in the presence of
water or water vapor, it draws more water into the membrane
to balance the chemical potential. As the membrane takes up
water, it swells to accommodate the solvent.

The membrane backbone, however, is hydrophobic. Water
confined by hydrophobic surfaces is energetically unfavorable
in the liquid state [4]. Together with the elastic forces acting
against the swelling, the hydrophobic backbone can be seen to
oppose the increasing water content. Eventually an equilibrium
state of water content is reached. This equilibrium depends on
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Fig. 1. Nafion chemical structure [2].

whether there is saturated vapor or saturated liquid present at the
boundary of the membrane because a vapor/liquid interface pro-
vides an additional force opposing water uptake. This difference
in the water content of vapor and liquid equilibrated membranes
is known as Schroeder’s paradox [5,6].

Small-angle X-ray scattering (SAXS) experiments indicate
that water tends to collect in small roughly spherical groups
in locations which are believed to contain a high concentra-
tion of sulfonic acid groups [7]. These spherical clusters were
observed to be roughly 3-5 nm in diameter. From these exper-
imental observations, Hsu and Gierke proposed one of the first
models for the distribution of water in a Nafion membrane. In
this model spherical clusters exist which are 4 nm in diameter
and in order to explain the high conductivity of Nafion, Hsu
and Gierke postulated that these clusters are connected tran-
sient channels of 1-2 nm radius. Weber and Newman refer to the
pathways between clusters in Hsu and Gierke’s model as ‘col-
lapsed channels’ [8]. They coin this term because they believe
the channel can be expanded and filled by liquid water. In Weber
and Newman’s model, the channels are regions of the mem-
brane having a low enough concentration of sulfonate heads as
to remain hydrophobic. These collapsed channels are assumed
to be continuously forming and deforming in ambient conditions
due to the movement of free sulfonic acid sites and polymer in
the matrix between clusters.

Another early model, by Yeager and Steck, proposed the
existence of three distinct regions within the membrane: (A)
a hydrophobic matrix, (B) an interfacial zone and, (C) ionic
clusters [9]. They propose that the ionic clusters are regions
within the membrane with a higher concentration of sulfonate
acid sites at which the water will tend to agglomerate. More
recently, Kreuer has referred to the hydrated region of a Nafion
membrane as ‘“well-connected, even at low degrees of hydration,
i.e., there are almost no dead-end pockets and very good perco-
lation” [10]. Fig. 2 shows Kreuer’s schematic representation of
the microstructure in Nafion derived from SAXS experiments
[11]. Kreuer finds that the water distribution forms continuous
pathways throughout the membrane. From another recent SAXS
study, Gebel concludes that at low levels of hydration one finds
inverse micelle clusters of liquid which percolate together with
increasing levels of humidity, leading to a structural inversion
where the Nafion is seen more as polymer in water than water
in polymer [2].

In an analysis on Schroeder’s paradox [12] and subsequent
work on membrane sorption and transport [13], Choi et al. model
the membrane as a series of pores of equal radius. Choi et al.
incorporate a model for water uptake in Nafion that was proposed
by Futerko and Hsing based on Flory—Huggins theory [14]. The
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Fig. 2. Microstructure of Nafion according to Kreuer [11].

model fits sorption isotherms to the Flory—Huggins equation by
means of the Flory interaction parameter.

The works mentioned consider membrane sorption as a
whole. In this work we augment this knowledge by examining
the membrane on a microscopic level, in particular the stabil-
ity of water in a single microscopic pore such as those studied
experimentally by Divisek et al. [15]. Proton transport models
such as that presented by Paddison et al. [16] focus on water
filled cylindrical pores of variable L and r, therefore this work
presents a parametric analysis of the wettability of such a cylin-
drical Nafion micropore. As is done by Gierke and Hsu [7],
we model the relevant thermodynamic forces contributing to
the total free energy, however we focus on studying the pores
prevalent in porous membrane models in order to determine
conditions necessary for the stability of liquid water. We plot
the free energy of a pore (or channel) filled with liquid of length
L against a vapor filled reference state. We determine which
state is stable for a given pore radius ry. We find a critical
radius r, for which liquid is never stable, and show that there
exists a critical liquid length L. (r) for all pore radii larger
than r.. This insight is important because as stated by Paddi-
son et al. [16], it is critical to determine the water-containing
phase as it is the region through which conduction occurs.
With these results we can also form some intuition regarding
the SAXS experimental results prevalent in the literature. We
also discuss how this model accounts for a difference in uptake
between saturated liquid and saturated vapor equilibrated mem-
branes, and gives support to Weber and Newman’s [8] notion
that some channels fill or collapse depending on the phase at the
boundary.

2. Thermodynamics of sorption
2.1. System

In order to detail the thermodynamic forces which govern the
equilibrium state of water in Nafion, we consider a section of
Nafion membrane that contains a single pore open at both ends
to an environment with a fixed pressure and temperature. We
intend to determine which physical conditions are necessary for
the agglomeration of liquid water in individual pores. We model
these pores, rather idealistically, as cylindrical (see Fig. 3). In a
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Fig. 3. Pore idealization.

real membrane a tortuous pathway could be seen to be comprised
of a series of these ideal pores connected at random.

In this analysis we assume that the liquid agglomeration fills
the pore radially and we vary the filling length L to determine
stable configurations, alternatively we assume the pore is empty.
We do not consider situations in which the radius of the liquid
is smaller than the unstretched radius of the pore r.

Moreover, we do not include details on the dissociation reac-
tion of the sulfonate sites with water. This reaction is determined
by the law of mass action, outlined in Ref. [12], which governs
the behavior of only a few water molecules in the immediate
vicinity of the sulfonate group. We only consider an environ-
ment at, or near, saturation and therefore we consider these forces
equilibrated. Also, while we consider water here, this analysis
should be equally applicable to similar solvent systems.

2.1.1. Pores
The surface area of liquid in the pore A is composed of the
area of the cylindrical portion A. and the area of the ends Aepg:

Al = A¢ + 2Aend- (1)

A\ is a function of radius r, length L and contact angle 6:

A| = 27rL + 27ray, )
where
ap = 2sec’ O[1 — sin ). (3)

Likewise, the volume of liquid in the pore, V}, is comprised
of the volume of the cylindrical region, V., and the volume in
the curved ends, Vepq:

Wi = Ve + 2Vend. “@
The explicit expression is
2 T3
Vi =nr L+2§r by, 5)
where

bg =2 sec’ O[sinf — 1] + tan 6. (6)

We see (5) with L=0 does not describe an empty pore. It is
important therefore, to note that in this description, even when
the length L of the liquid agglomeration is zero, V) refers to a
‘lentil’ of volume 2Vg,q, due to the curved ends.

2.2. Surface free energy

The surface energy F; for a liquid agglomeration of length L
in a cylindrical pore of total length L is given by

Fy = yo2mr(Le — L) + ya2nrL + 2pymriag, @)

where yg, ¥s and yp, are the interfacial tensions of the

solid—vapor, solid—liquid and liquid—vapor interfaces, respec-

tively [17]. Using Young’s equation [18]:

VYsv — Vsl
Nv

to relate the interfacial tensions to the contact angle with the
membrane, we can rewrite (7) as

= cosf (®)

Fy = yo2nrLy — 2nrLyy, cos 6 + 2)4Vnr2a9. ©)]
2.3. The nature of equilibrium

From the first and second laws of thermodynamics, for a
system with fixed external pressure and temperature, one finds

dg

dr =0 o
where G = U — TS + pV is the total free energy of the system.
This states that the total free energy of the system decreases
in time, such that G assumes a minimum in equilibrium. We
therefore must include all contributions to free energy in order to
determine equilibrium conditions. We follow a formal approach
laid out by Morro and Miiller [19] for the case of polyelectrolyte
gelsin aclosed system. Writing out all contributions to G in terms
of the Helmholtz free energy in the unmixed state F, = fy(v)mg
and the entropy of mixing Sy mix wWe obtain

g:F1+S1,mix+Fp+Sp,mix+Fv+Fs+Fm
+prM+ Vo + W+ V). (11)

The subscripts « =1, p, v, s, and m refer to the liquid, protons,
vapor, surface and membrane, respectively. Since the membrane
is phase-separated there is no mixing of the polymer chains with
the liquid in the pore. With the entropy of mixing given explicitly
(11) yields

G =L[fi+RTInalm +[f, + RyT Inaplm, + fim) + fum,
+ Fo4 Fn+ p(Vi+ Vo + V3 + Vy + Vin). (12)

Here, R denotes the gas constant and a is the activity of the
mixture of liquid molecules and protons. The protons within the
liquid mixture are referred to by myp and V), while the protons
outside the liquid boundary are denoted by mg and Vg. The total
number of protons in the pore:

mg =mp+mg (13)
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is constant. Therefore, with the assumption that the protons are
incompressible, the total volume of the protons stays constant.
The activity a is defined as

a=y'X, (14)
where y? is the activity coefficient and X is the mole fraction in

the mixture:

N
Xj= — 1 (15)
N1+ Np

By means of (14) the free energy of the system can be rewritten
as

G =[F+ RTInXiIm + [, + RyT In Xplmy + fym)

+ fumy + Fo+ Fn+ pVi+ Vo + Vg + Vo + Vin)
+ R T(NiIny' + NpIn yS). (16)

The last term represents the excess Gibbs free energy of mix-
ing GE, or the energy difference with respect to ideal mixing.

This can be expressed in terms of a Flory interaction parameter
x [20], as

E

rRT

= (NMiInyf + NpIny) = NpXixpi(T). (17)

With (17), (16) can be written as
G =1[fi+RTInX]m +[fp + RyT In Xplmy + fym))
+ fumy + Fs+ Fn + p(Vi+ Vo + Vg + Vi + Vi)
+ RuTNp X1 xpl- (18)

For equilibrium, we must minimize G with respect to the
variables that change in time: the mass of liquid in the pore my,
the mass of vapor my, the volume of vapor V,, and the volume
of liquid V). Since we are considering a closed system, the total
mass stays constant:

my = mj + my = const. (19)

Hence, the conditions for equilibrium are

G G G
o oV Ve

(20)

Each of the equations in (20) reveals further information
about equilibrium.

Minimizing the total free energy with respect to the mass of
liquid, my, yields

d dfi 0 dln X
79 —f]~|—R]T1n)(1—|—m1£7vl +mR, T nA
amy dv om om)
BlnX afv 8UV
R,T P
+mpRp oy A 8vv omy
X
+mpRp TXP]T 0. 21)
mj

With the Gibbs—Duhem relation and Maxwell relations this sim-
plifies to

g+ RTIn X, + xp X;1 = g1+ RiTInay = g, (22)

with the Gibbs free energy g1 = fi + p1Vi. Eq. (22) states the
familiar result that the chemical potentials of the liquid and vapor
are equal in equilibrium.

Minimizing the total free energy with respect to the volume
of the vapor yields

9G  ofy duy

= my— =0. 23
Ve o ov, P 23)
This reduces to
—pv+p=0, (24)

which states that the pressure of the vapor is equal to the pressure
imposed on the system.

Minimizing the total Gibbs free energy with respect to the
volume of the liquid gives

3G ofi v 3ln X, dnX,  omy
& +mRTE2 L RT R s
v Moy oy A myRpT —0= + oy,
0

om m oF; 0Fm

R,TInX s} 9% Um

+R,TIn pav +fpav Pt oy
LR Ty |0 g X (25)

p{ Xpl 13V1 mpav1 =\u.

Simplifying with (13) and the Gibbs-Duhem relation leads
to

G _of 0 211 0Mp

87‘/1 av [fp fp + RpT(lIl Xp + xple )] v, +
oF, 0F,
— +—=0. 26
i + v (26)

The pressure in the mixture results from the derivative:

i _
vy

We define the surface pressure:

— Pmix-

aF;

Ps = 37‘/1’ 27)

which is due to the change in surface free energy when the liquid
volume changes, and the membrane pressure:

oFy

Pm = 37\/1’ (28)

which is due to the change of membrane free energy with a
change in liquid volume. We also define a proton pressure:

1%=f‘uf+RT®X-+mXH——

- 0 4 R TInay] e 29
—[fp_fp+ p nap]Twa (29)



194 G.J. Elfring, H. Struchtrup / Journal of Membrane Science 297 (2007) 190-198

which is the energy required to add more protons to the mixture
as the boundary of V] expands. We can thus rewrite (26) as

Pmix = P+ ps + Pm + Pp, (30)

which yields the pressure of the liquid/proton mixture, which is
a function of the energies of the surface, membrane and protons
in the mixture.

We now can substitute the conditions of mechanical equilib-
rium, (24) and (30), into (12), replace the specific Helmholtz
free energy f with the Gibbs free energy g, and use (19) to find

G =Ilg+ RiTIn X Im + [gp + RyT(In X}, + X1 xp1)]mp
—l—ggmg + gvmw — gvm| + Fiy + pVnm
_(Ps+pm+pp)(vl+vp)+Fs- 3D

Since we take vapor as an ideal gas and assume that liquid
water is incompressible, we can write

gv(pv) = gv(Psat) + RyTIn <p>
Psat
= g1(p) + (psat — p)v1 + RyT In ( P > (32)
Psat

and
81(Pmix) = &(p + pst+pm + pp) = g1(p) + vi(Ps + pm+pp)-
(33)

We use the same argument for the protons and substitute
back into (31) with Py =p/Pgy, Rj=Ry =Ry, and X, =1 — X], to
obtain

Ry T X
G= | = pa)+ == 1n (1)] Vi

T

+Igp(p) + RyT(In (1 — X1) + Xixpn)lmy
+g9m0 + gymy + Fn + pVm + Fi. (34)

We see that the pressure within the pore is no longer explicit,
but remains implicit as defined by the equilibrium conditions.

We introduce as a reference state, the free energy of a vapor
filled pore:

G = gumy + go(p)my + Fpy + pVy + F. (35)

Subtracting this reference from (34) gives

Ry T X
G-G =|(p—psa)+ ——In (‘ﬂ 14

U] Pr
+[gp(p) — 80(p) + RyT(In (1 — X) + Xy xp)Imy
+ Fn — F2 + p(Vi — VO + Fy — FD. (36)

2.4. Cylindrical system

We now impose the cylindrical geometry of the pores. The
mass of the protons may be expressed through the surface density

of sulfonate sites S, (which are assumed to be ionized) and the
surface area of the unstretched pore in contact with liquid as

mp = MpSp2nroL, (37)

where M, is the molar mass. The reference state is vapor filled
and therefore remains at an unstretched radius rg. The surface
free energy of the reference state is therefore given simply by

FS0 = Ysv2mroLy.
Substituting myp, V1, Fs, FSO into (36), one obtains

Ry T X 2713
G-G = |(p—pu) + —In (1>} (nrzL + be)
U] Pr 3

+[gp(p) — gp(p) + RpT(In (1 — X1) + X1 xp1)]
x 270 LMy Sy + (Fin — F) + p(Vin — Vi)

+ yov27(r — ro)L¢ — 27rLyyy cos 6 + 2)/1V71r2a9.

(38)
The number of ions in a pore is
Np = AcSp = 2mroLSp 39)
and the number of water molecules in the pore is
N = %\4 = A%(mzL + 27°3bg). (40)
The mole ratio of liquid water is then
2 3
L +2rb,
L (41)

' 28roL + 2L + 273bg”

where 8=S,My/py.

By subtracting the free energy of a vapor filled pore, we know
that if the difference G — go is negative, then the free energy
of the vapor state is lower and therefore the vapor filled state
is more stable. Subtraction of G° also conveniently eliminates
various constants if » = rg, which occurs when we do not consider
membrane stretching.

For the vapor filled reference state, we assume that a number
of water molecules have reacted with the sulfonate site. The
number of these waters is evaluated through the law of mass
action, the details of which may be found, for instance, in Ref.
[12]. These waters are strongly bound and exist regardless of
whether a liquid phase fills the pore. For the purpose of this
work, we assume that the subsequent waters forming the liquid
phase do not significantly alter the free energy of the protons,
therefore the gp(p) — gg( p) term is negligible.

The change in the free energy of the membrane describes
elastic forces and only occurs when the membrane is stretched
to r> rp, to allow more water into the pore. We assume that when
the membrane stretches, the volume of the membrane back-
bone itself remains constant, Vy, = VI% for all r. The change
in volume of the system is therefore due to the increasing water
volume. For an isotropic material, Flory [20] finds the change



G.J. Elfring, H. Struchtrup / Journal of Membrane Science 297 (2007) 190-198 195

in free energy:
kT
Fn— FO = AFy = %[3053/2 —3—Ina] 42)

where k is the Boltzmann constant, v, the elastically effective
number of chains in the polymer network and o= V/V? where
W is the volume of the unstretched pore. We use the effec-
tive number of chains because polymers other than Nafion may
contain crosslinks; evidence of the effect of crosslinking on
sorption in polymide membranes is detailed in Ref. [21]. A
slight modification of (42) is used by Morro and Miiller [19].
More recent derivations of the free energy due to membrane
stretching can be found in Refs. [22,23], however, the appli-
cability of any one of these derivations for the elastic energy
is debatable when a single phase-separated microscopic pore is
considered. For completeness we show (42) for a cylindrical pore
of unstretched radius rg, with (38) which yields the free energy in
Land r:

Ry T
G-¢° = {(p—psmw ) 1n<

2713 b
3 0

+ R, T {ln <1 —

r2L +2r3b9
pel2BroL 4 r2L 4 2r3by

X (rrrzL +

r2L + 2r3bg
2BroL + r2L + 2r3by

n 2L+ 2r3bg
2B8roL + r2L + 2r3by

T 3
L [3(r) —3-2hn <r>
2 ro ro

+ yov27(r — ro)Ly — 2mr Ly}, cos 6 + 2)/1Vnr2a9.

Xpl:| 27Tr()L Sp

(43)

2.4.1. Capillary pressure
We briefly consider the surface pressure in a cylindrical pore.

Substituting our definition of FS (9) into (27) ylelds
= — = Yev2mrL 2nrLyy cos 2yymreag].
V| 3V, s t N N 0

If r is constrained to rp, and the liquid volume Vj can grow
in L as the column of water extends down the pore, then

. oF; . oF oL . 21y cos 6
T 9w AL vy ro

which is the classical Laplace equation for capillary pressure.

Ps

ps . (45)

3. Finding minima

Our purpose is to find thermodynamically stable pore config-
urations for the presence of liquid agglomerations. In this section
we minimize the total free energy of the system in order to study
which situations are conducive to liquid or vapor filled regions
of a Nafion membrane. Since in our formulation we subtract the
constant free energy of a vapor filled pore, G°, we know that if

G-6° [J]
4x 10721
2% 10 2 r0o = 0.1 4
ro = 0.492 A
L [m]
2 3x107% ax107?
2% 102}
cax 10~ ro = 0.75 A
-6x 1072
ro =123

Fig. 4. Free energy vs. L (ro=0.1 A:0.1 A).

g— go is negative then liquid is favorable. If, on the other hand,
G — @° is positive, then free energy of vapor is lower and thus
more stable. If liquid is favorable, G — G will assume a negative
minimum.

3.1. Unstretched pores

In the following we consider unstretched pores to determine
which regions of the membrane would contain liquid water in
equilibrium, at a given pressure and temperature. When the pore
is not stretched r = r¢ and (43) becomes

RT . [X
G- =270l { 2 10 (1) £ Ry (1 — X))
2 v Pr

+ XlXpl]Sp — Vv COS 9} + fend- (46)

The last term is an abbreviation for

RwT Xi\] 2nrd
Jfend = |:(P — Psat) + I ()] 0[?9 + 2)/1\,7'[}”(%619;
U] Pr 3
47

it represents the end effects, which is the energy of the lentil that
is present when L=0.

To compute G — G° we use a value of #=98° taken from
Zawodzinski et al. [24], measured at p,=1. Zawodzinski et
al. find that 6 varies with water content, generally given by
A =H>0O/SO3H. This variation is fairly substantial, with 6 = 116°
for A =0, while the above value is for A =14. We are primar-
ily concerned with hydration near saturation, therefore we hold
6 =98° constant, however, this measurement perhaps couples the
attraction of the protons with the repulsion of the backbone and
should be investigated. Asin Ref. [25] we set xp =0, which gives
ideal mixing, for lack of a detailed data set. To compute the sur-
face density of sulfonate sites we use s, = (VinS) ™!, where Vi is
the specific molar volume of the membrane and S is the specific
pore surface area. We take the values, Vi, = 537 cm?/mol and
S=210m?/cm? for Nafion 117 from Refs. [13,15], respectively.
T is taken to be 300 K.

Fig. 4 shows G — G° against L for various pore radii. We
see that the free energy is essentially independent of L at crit-
ical pore radius of r.=0.492 A. For all pores wider than this,
growth of a liquid agglomeration reduces the free energy of
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Lerit  [m]
3.5% 1077
3% 1077 p=0.8
2.5%107°
2x 1077 _—
1.5x 1077 o
X0 0 ax 100 6x 107 Bx 1071 1x107° )

Fig. 5. Lerit vs. ro (pr=0.8:1.2).

the system. However, L must be larger than a certain critical
value Lt (r) for liquid stability. Stability for liquid occurs when
G—¢is negative, so that the free energy of liquid is lower
than that of vapor. Therefore L (r) is obtained as the solution
of G — QO . Pores must be longer than the critical length for a
certain pore radius, L; > Lit(7), in order to fill with liquid. If so,
they will fill completely since then the minimum of G — G° is
obtained for L as large as possible. If the pore fills completely,
it will begin to stretch radially until balanced by the elastic
energy.

Fig. 5 shows Lj(7) for various pressure ratios p;. For very
narrow pores, with radii smaller than about ry=0.1 nm, liquid
stability is unlikely, since the critical length required for a pore
becomes very large. This is because entropic effects, which favor
liquid, scale with volume, while the surface forces, which favor
vapor, scale with surface area. In pores with very small radii,
the surface forces dominate. Experimentally measured ‘clusters’
of radii 5-25 A, observed in various diffraction and micro-
scopic studies [26], are certainly within the calculated range of
stability.

Fig. 5 also indicates that the stability of liquid depends on
pressure. The effects of the pressure ratio p;, especially under-
saturation (pr < 1), are much stronger for wider pores, where
the entropic effects begin to dominate. This indicates why the
water content in Nafion is drastically reduced in under-saturated
environments, as shown in Ref. [27]. The interconnection of lig-
uid pathways sharply decreases due to under-saturation, which
accounts for the drastic reduction in conductivity of the mem-
brane in under-saturated states [1].

Recall that we only consider pores where liquid fills the whole
pore radius, and consider variations in L which would lead to a
lower free energy than the vapor filled state. We do not consider
liquid agglomeration of radii lower than the unstretched pore
diameter, r < ro. These situations are unlikely to be stable due to
the high interfacial energy between liquid and vapor.

The above observations concern equilibrium states. Liquid
agglomerations have to transition through unstable configura-
tions when filling a pore to reach a final stable state. In a similar
analogy, a droplet of rain in the atmosphere transitions to a criti-
cal radius in which growth is favorable, through smaller unstable
radii, with the help of a particle of dust [28]. The intermediate
non-equilibrium states in the membrane are certainly interesting
but are not considered here.

3.1.1. Schroeder’s paradox

In a saturated liquid environment the membrane is bounded
by liquid water, therefore the end effects, which are due to the
liquid—vapor interface, are not present in a liquid filled pore.
Thus, in (46) feng goes to zero and we are left with

ReT . (X
G—G° = 2mroL {Vzo Y In <1> + RyT[In(1 — X))

U] Pr
+ X1xp1]Sp — y1v cos 9} . (48)
The mole ratio becomes
roé
X = , 49
= : (49)
where £ =1

We see that the total free energy (48) is linear in L. The
solution of

QRWT a < roé )
2 v Prl2 + roél

roé roé
R [ln (1 B 2+roi"> * <2+ro$> XPI} %

—pyvcosf =0, (50)

for rq yields a critical radius of r. =0.0056 A, with the constants
given. If ro > r¢, (48) has a minimum at the largest possible value
of L, thatis when L = L;, and if g > r, the minimum occurs at the
smallest possible value of L, that is when L=0. It is important
to note that if L =0, we have an evaporation of the liquid in the
pore which would create a liquid—vapor interface at the bounds
leading, therefore, to a critical radius that is even smaller. The
critical radius found is however negligibly small already, in a
range where the continuum nature of this analysis is no longer
valid. We do see very clearly however, a drastic reduction in
the criteria necessary for the stability of liquid, therefore there
are some pores which were vapor filled in a saturated vapor
environment which would fill with liquid when equilibrated with
saturated liquid in agreement with the predictions of Weber and
Newman [8].

A pore may not have contact with the environment at both
ends. Fig. 6 shows the difference in stability requirements if just
one liquid—vapor interface is eliminated, occurring if the pore
bounds the saturated liquid environment at just one end. The

Lerit  [m]

3% 107°

2.5%107°

2x 1077
2 1-v int.
1.5x 1072

9

1x 10~ 1 1-v int.

5% 10710
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19 gx 1071 1x107°

2x 10 % 4x107%° 6x 10~

Fig. 6. Effects of the liquid—vapor interface.
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critical length for this case is considerably smaller than for the
case where both ends are in contact with vapor.

We see in this analysis, that the elimination of end effects
reduces the criteria for liquid stability and therefore dictates that
Nafion absorb significantly more water in a saturated liquid envi-
ronment. It is important to note however that the phenomenon
of Schroeder’s paradox is not necessarily coupled with a porous
structure as detailed in Ref. [6]. We do however see here that
given a porous structure with can expect a considerable differ-
ence in sorption given a change in the phase at the boundary.

3.2. Pore stretching

Liquid growth in L is constrained to boundary minima, at
either L=L; or L=0. A full pore will, however, begin to stretch,
to r>rg, in order to take on more water. Nafion is known to
stretch significantly in the presence of water. The pore comes to
an equilibrium point in r when the change in free energy of the
membrane due to stretching balances the entropic desire to take
on more water. We do not consider the deformation of the pore
from its initial radius in this work as it does not determine in
which regions of a membrane liquid might be stable. A future
work will consider the deformation of individual pores.

4. Conclusion

The conductivity of a Nafion membrane is dramatically
affected by the amount of water that is sorbed by the mem-
brane. It is therefore important to consider the fundamental
thermodynamic forces affecting sorption. The majority of liter-
ature focuses on modeling the membrane as a whole to consider
sorption. This work, however, examined a single microscopic
pore to determine what thermodynamic forces are present and
whether liquid water or vapor will equilibrate. This is important
since many proton transport models are based on the assumption
of water filled cylindrical pores. Based on a simple thermo-
dynamic model it was shown that there exists a critical pore
radius below which water is unstable. Moreover, we found a
critical length for any pore size greater than the critical radius;
below the critical length, a pore cannot be filled. This model is
also used to show how pressure, relative to saturation, affects
liquid agglomeration. This work therefore documents criteria
necessary for the permeation of the liquid phase within a Nafion
membrane.

Our model was also used to study how thermodynamic forces
change depending on whether there is saturated liquid or vapor
at the bounds of the membrane. The results shows that in a
saturated liquid environment much smaller pores will fill with
liquid. This is useful in understanding how Nafion sorbs so much
more water when in saturated liquid as opposed to saturated
vapor.
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Nomenclature

a activity

ag end area function

A area (m?)

Ac area of cylinder (m?)

Aend area of end (mz)

by end volume function

f specific Helmholtz free energy (J/kg)

Send energy of ends (J)

F Helmholtz free energy

Fq elastic energy of membrane (J)

g specific Gibbs free energy (J/kg)

GF Gibbs excess free energy (J)

g total free energy of the system (J)

k Boltzmann constant (1.381 x 10723 J/K)

L length of liquid agglomeration (m)

Ly length of pore (m)

m mass (kg)

mg total mass of protons (kg)

M molar mass (kg/mol)

N number of molecules

p pressure (Pa)

DPr pressure ratio

Psat saturation pressure (Pa)

Prix pressure of liquid water and proton mixture (Pa)

r radius of liquid agglomeration (m)

o unstretched pore radius (m)

Te critical pore radius for the stability of liquid water
(m)

R specific gas constant J kg~! K™1)

Ry universal gas constant (8.314 J mol -k~

Smix entropy of mixing Jkg~! K~1)

Sp surface density of protons (m~2)

t time (s)

T temperature (K)

v specific volume (m3/kg)

\% volume (m3)

Ve volume of cylinder (m3)

Vend volume of end (m3 )

X mole fraction

Greek symbols

o volume ratio of stretched to unstretched pores

B SpMW/IOW (m—2)

y interfacial tension (J/m?)

y? activity coefficient

0 contact angle

A water content

7 chemical potential (J/kg)

Ve effective number of chains in the polymer network

3 B~ (m?)

0 mass density (kg/m?)

X interaction parameter
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Subscripts

1 liquid

Iv liquid—vapor

m membrane

p proton

S surface

sl solid-liquid

Y solid—vapor

v vapor

W water

Superscript

0 unstretched vapor filled reference state
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