
PHYSICS OF FLUIDS 17, 127103 �2005�

D

Ellipsoidal statistical Bhatnagar–Gross–Krook model
with velocity-dependent collision frequency

Yingsong Zhenga�

Department of Mechanical Engineering, University of Strathclyde, Glasgow G1 1XJ, United Kingdom

Henning Struchtrupb�

Department of Mechanical Engineering, University of Victoria, Victoria,
British Columbia V8W 3P6, Canada

�Received 11 June 2005; accepted 25 October 2005; published online 15 December 2005�

In this paper, an ellipsoidal statistical �ES� Bhatnagar–Gross–Krook �BGK�-type kinetic model with
velocity-dependent collision frequency is proposed and further numerically tested for
one-dimensional shock waves and planar Couette flow at steady state for hard sphere molecules. In
this new kinetic model, a physically meaningful expression for the velocity-dependent collision
frequency derived from the Boltzmann equation is used, while the important properties for a kinetic
model are retained at the same time. This kinetic model can be simplified to the classical ES-BGK
model and the BGK model with velocity-dependent collision frequency for suitable choices of
parameters. The H theorem for this new kinetic model has so far been proven only for small
Knudsen numbers. The numerical method used here for kinetic models is based on Mieussens’s
discrete velocity model �L. Mieussens, J. Comput. Phys. 162, 429 �2000��. Computational results
from the kinetic models �including the BGK model, the ES-BGK model, the BGK model with
velocity-dependent collision frequency, and this new kinetic model� are compared to results
obtained from the direct simulation Monte Carlo �DSMC� method. It is found that results obtained
from this new kinetic model lie in between results from the ES-BGK model and results from the
BGK model with velocity-dependent collision frequency. For one-dimensional shock waves, results
from this new kinetic model fit best with results from the DSMC, while for planar Couette flow, the
classical ES-BGK model is suggested. © 2005 American Institute of Physics.
�DOI: 10.1063/1.2140710�
I. INTRODUCTION

Processes in rarefied gases must be described through
the Boltzmann equation, which is a nonlinear integrodiffer-
ential equation. Since the Boltzmann equation is difficult to
handle, and its numerical solution is time expensive, some
alternative, simpler expressions have been proposed to re-
place the Boltzmann collision term. These are known as col-
lision models, and any Boltzmann-like equation where the
Boltzmann collision integral is replaced by a collision model
is called a model equation or a kinetic model.1–5

A good kinetic model should be easier to use than the
Boltzmann equation, but should at the same time mimic the
behavior of the Boltzmann equation closely. The best known
kinetic model is the Bhatnagar–Gross–Krook model �BGK
model�,1,3–6 which already fails in the description of a dense
gas �i.e., at small Knudsen numbers�, since it yields a wrong
value for the dimensionless ratio of viscosity and heat con-
ductivity, which is known as the Prandtl number. Other ki-
netic models were introduced in order to overcome that de-
ficiency, including the ellipsoidal statistical BGK model
�ES-BGK model�,3–5,7–9 the BGK model with velocity-
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dependent collision frequency ���C�-BGK model�,10–16 the
Shakhov model,17,18 and the Liu model.19,20 While all of
these yield the proper Prandtl number, the results obtained
from them differ from results obtained from the full Boltz-
mann equation as the gas becomes rarefied.

All kinetic models require the collision frequency of a
particle as a parameter. A study of the Boltzmann equation
shows that the collision frequency is a function of the par-
ticle speed—fast particles collide more often—and the de-
tails of the behavior of a rarefied gas will depend on the
collision frequency.1,3 This implies also that the quality of a
kinetic model will depend on its ability to incorporate the
proper–velocity-dependent expression for the collision
frequency.

In this paper we propose a new kinetic model that allows
us for the first time to incorporate the proper expression for
the collision frequency for an arbitrary molecular model.
This new model combines ideas from the ES-BGK model,
which requires a velocity-independent collision frequency,
and the ��C�-BGK model, in which the use of the proper
collision frequency yields a wrong value for the Prandtl
number.

After the new kinetic model is constructed, numerical
tests of this new and some existing kinetic models are done
for one-dimensional shock waves at steady state and planar

Couette flow at steady state, which are two important bench-
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mark problems for rarefied gas flows. Further, results are
compared with results from the direct simulation Monte
Carlo �DSMC� solutions of the Boltzmann equation.21

�Based on Bird’s code, which is available in the public
domain.22� The numerical method used here is Mieussens’s
discrete velocity model �DVM�,11,23–25 which has been ap-
plied before to the BGK model, the ES-BGK model and the
��C�-BGK model. The computational results show that in-
deed the incorporation of the velocity-dependent collision
frequency �from now on abbreviated as VDCF� leads to bet-
ter agreement between kinetic models and Boltzmann
equation.

II. KINETIC THEORY, KINETIC MODELS,
AND PROPERTIES OF THE COLLISION TERM

In the microscopic theory of rarefied gasdynamics, the
state variable is the distribution function f�x ,c , t�,26 which
specifies the density of microscopic particles with velocity c
at time t and position x. The particles, which can be thought
of as idealized atoms, move freely in space unless they un-
dergo collisions. The corresponding evolution of f is de-
scribed by the Boltzmann equation,1–3 which, when external
forces are omitted, is written as

�f

�t
+ ci

�f

�xi
= S�f� . �1�

Here, the first term on the left-hand side describes the local
change of f with time and the second term is the convective
change of f due to the microscopic motion of the gas par-
ticles. The term on the right-hand side, S�f�, describes the
change of f due to collisions among particles.

In the macroscopic continuum theory of rarefied gasdy-
namics, the state of the gas is described by macroscopic vari-
ables, such as mass density �, macroscopic flow velocity u,
temperature T, and so on, which depend on position x and
time t. These quantities can be recovered from the distribu-
tion f by taking velocity averages �moments� of the corre-
sponding microscopic quantities, such as

� =� f dc, �ui =� cif dc,

�e =
3

2
p =

3

2
�RT =� 1

2
C2f dc ,

�2�

pij =� fCiCj dC = p�ij + �ij, �ij =� fC�iCj� dc ,

qi =
1

2
� C2Cif dc ,

where �e is the density of internal energy, R=k /m is the gas
constant, m is the mass of one microscopic particle, k is the
Boltzmann constant, C=c−u is the peculiar velocity �there-
fore, g= �c−c1�= �C−C1�, dc=dC�, p is the hydrostatic pres-
sure, pij is the pressure tensor, �ij is the trace-free part of the
pressure tensor �about the computation of symmetric and

trace-free tensors, please refer to Ref. 1� qi is the heat flux.
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The third expression of Eqs. �2� gives the definition of tem-
perature from the ideal gas law.

In kinetic models, the Boltzmann collision term S�f�, is
replaced by a relaxation expression that is typically of the
form

Sm�f� = − ��f − f ref� . �3�

Here, f ref is a suitable reference distribution function, and �
is the �mean� collision frequency; the various kinetic models
differ in their choices for f ref and �.

Any collision model Sm�f� needs to retain the main prop-
erties satisfied by the Boltzmann collision integral, which are
as follows:3,11,27,28

�1� It guarantees the conservation of mass, momentum, and
energy, which are

� Sm dc = 0, � ciSm dc = 0,
1

2
� c2Sm dc = 0. �4�

�2� The production of entropy � is always positive �H theo-
rem�,

� = − k� ln fSm dc � 0. �5�

�3� In equilibrium, Sm�fE�=0, and therefore, the equilibrium
distribution fE is equal to the Maxwellian distribution
fM, given by

fM =
�

m
�� 1

2	RT
	3

exp�−
C2

2RT
	 . �6�

�4� In the hydrodynamic limit Sm�f� yields the right trans-
port coefficients, such as viscosity 
, thermal conductiv-
ity �, and Prandtl number Pr= �5R /2��
 /��. The Prandtl
number is close to 2/3 for all physically meaningful
collision factors �; Pr
2/3 for ideal monatomic gas is
also found in experiments.29

�5� The collision term Sm�f� depends on the peculiar veloc-
ity C=c−u, and not the microscopic velocity c, since
the Boltzmann equation is invariant under Galilean
transformation.

�6� The resulting transport equation predicts positive distri-
butions f in any situation.

III. EXPRESSIONS FOR THE COLLISION FREQUENCY

The collision frequency for an ideal gas in thermal equi-
librium is given by1,2,30

��xi,t,Ci� =� fM
1 �g sin � d� d
 dc1, �7�

where the superscript 1 denotes parameters for particle 1,
which is the collision partner of the particle considered,
g= �c−c1� is the relative speed of the colliding particles, � is
the scattering factor, and 
 and � are the angles of collision.

The further evaluation of the collision frequency de-
pends on the interaction potential between the particles. In
the following we shall consider inverse power potentials be-

1,3,11 −�n−1�
tween particles, of the general form ��r . Here, �

 AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



127103-3 Ellipsoidal statistical BGK model Phys. Fluids 17, 127103 �2005�

D

denotes the interaction potential, r is the distance between
particles, and n�3 gives the order of the potential; n=5
represents Maxwell molecules, and n→� describes hard
sphere molecules. It can be shown that1

�g = gn−5/n−1F��� , �8�

where the function F��� depends only on the collision angle.
After some manipulation follows, the physically meaningful
expression of the VDCF as

��n,�� = 2�̂0�n�
�

�	
�2RT�n−5/2�n−1� n − 1

3n − 7
�

0

� �e−�2

�

���� + ��3n−7/n−1 − �� − ��3n−7/n−1�d� , �9�

where �̂0�n�=�F���sin � d� d
 is a constant that depends on
the interaction potential, but is independent of the macro-
scopic gas properties; �=C1 /�2RT and �=C /�2RT are di-
mensionless peculiar velocities.

We also introduce the dimensionless collision frequency
in this work as

�̂�n,�� =



p
��n,�� . �10�

The mean collision frequency is obtained as1

�̄�n� =
p



�� =

� �fM dc

� fM dc
= ¯ = �̄0�n���RT�n−5/2�n−1�, �11�

where �̄0�n� is a constant and �� is the dimensionless mean
collision frequency.

Note that the collision frequencies introduced in this sec-
tion rely on the use of the Maxwellian, which is the equilib-
rium distribution function. Accordingly, their use in nonequi-
librium processes will introduce some inaccuracy, which,
however, should be small for up to moderate deviations from
equilibrium, and would be unacceptably large for strong de-
viations from equilibrium. This issue can be seen from the
computational results for the planar Couette flow in the later
part.

IV. EXISTING KINETIC MODELS

Several kinetic models have been proposed and devel-
oped in the past. The best known models are the BGK
model,3–6 the ES-BGK model,3–5,7–9 the ��C�-BGK
model,10–16 the Shakhov model,17,18 and the Liu model.19,20

These models will be briefly described and compared in this
section. Table I shows their basic properties, in particular,
whether the models fulfill requirements 1–6 of Sec. II. The
kinetic models discussed here are all of the form of
Eq. �3�.

The BGK model3,4 is the original and simplest kinetic
model, where the reference distribution function is simply
the Maxwellian,

f ref = fM, �12�

and its evaluation in the hydrodynamic limit yields �e.g., see

Ref. 1�
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 =
p

�
, � =

5

2

pR

�
, Pr = 1. �13�

This model is widely used for theoretical considerations, but
it violates the requirement �4� of Sec. II, since it gives the
wrong value Pr=1 for the Prandtl number. All models de-
scribed below were introduced to correct this failure.

The ES-BGK model3–5,7–9 replaces the Maxwellian with
a generalized Gaussian, so that

f ref = fES = ��det�2	�ij��−1/2 exp�− 1
2Ci
ijCj� , �14�

and it yields


 =
1

1 − b

p

�
, � =

5

2

pR

�
, Pr =

1

1 − b
. �15�

Here, the matrix � is defined as

�ij = RT�ij + b�ij/� = �1 − b�RT�ij + bpij/� , �16�

where b is a number that serves to adjust the Prandtl number,
�ij is the unit matrix, and � is the inverse of the tensor �. b
must be in the interval �−1/2 ,1� to ensure that �ij is positive
definite, which ensures the integrability of fES. In this model,
the reference distribution fES is defined by the following ten
conditions �the first five conditions are the conservation
laws�,

� fES dc = �, � CifES dc = 0,

�17�

� CiCjfES dc = ��ij = �1 − b�p�ij + bpij ,

which will be used in the later numerical work.
Only recently, Andries et al. succeeded in proving the

validity of the H theorem for the ES-BGK model,8 which
revived the interest in this model.

The Burnett equations for the ES-BGK model for in-
verse power potentials have been derived and examined by
Zheng and Struchtrup.9 The ES-BGK Burnett equations are
found to be identical to the Burnett equations for the Boltz-
mann equation only in the case of Maxwell molecules, while
the Burnett coefficients exhibit some differences for other
interaction types, e.g., hard sphere molecules. The linear sta-
bility of the ES-BGK Burnett equations was also discussed
in Ref. 9.

The ��C�-BGK model, or the BGK model with
VDCF,10–16 is an extension of the classical BGK model that
allows an incorporation of the VCDF. In Ref. 12, this type of
kinetic model was discussed without the explicit form of the
collision frequency. In Refs. 13 and 14, the discussion was
based on the linearized Boltzmann equation, and the explicit
form of the collision frequency was only given for two spe-
cific cases: hard sphere molecules �denoted as rigid-sphere
molecules in Ref. 13� and the Williams model �the collision
frequency is proportional to the magnitude of the velocity�.
In Refs. 15 and 16, the very hard particle interaction model,

which does not correspond to any physical interaction
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potential,15 was applied to obtain the expression of VDCF. In
Refs. 10 and 11, the discussion was based on the whole
Boltzmann equation and the explicit form of the collision
frequency was given for any value of n in the inverse power
potential. Here, only a brief description will be given follow-
ing Refs. 10 and 11, in which the corresponding reference

TABLE I. A comparison of kinetic models.

Kinetic
models

BGK
model

ES-BGK
model

��

f ref in
collision

term Sm�f�

Eq. �12� Eq. �14� E

Collision
frequency

Velocity independent V
de

Main
related
references

3, 4, and 6 7–9 11,

First
appear
year

1954 1964
�li
Bo
eq

s
199
Bo

equ
a

m
m

Conservation
laws

H theorem Proved Proved

In equilibrium,
f = fM

Transport
coefficients

Eq. �13� Eq. �15� E

Galilean
invariance

Positiveness
of f

Satisfied Satisfied S

Remarks Simplest model;
fref is a local

isotropic
Gaussian

fref is a local
anisotropic
Gaussian;

can simplify to the
BGK model when

b=0

In ord
Pr

express
doe

with
distribution is a shifted Maxwellian,
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f ref = f� = a exp�− �C2 + �iCi� , �18�

where the coefficients a, ��0, � are chosen so as to guar-
antee the conservation of mass, momentum, and energy as
given in Eq. �4�. In general situations, the explicit theoretical

GK
l

Shakhov
model Liu model New kinetic model

8� Eq. �21� Eq. �23� Eq. �25�

ty
ent

Velocity independent Velocity dependent

nd 14 17 and 18 19 and 20 5 and 32 and this
work

zed
ann
n+

s�;
hole
ann
and

ry
lar
s�

1968 1990 1979 �linearized
Boltzmann equation

+hard spheres�;
2004 �whole

Boltzmann equation
and arbitrary

molecular models�

Satisfied

d Only proved in the near local
equilibrium situations

Only proved in
small Knudsen
numbers

Yes

9� Eq. �22� Eq. �24� Eq. �30�

Satisfied

ed Possibly
not

Not true
in some

situations

Satisfied

obtain
, the
f VDCF
meet
hysics

N/A N/A 1. Satisfy the
requirements
of physically

meaningful VDCF
and correctly

transport
coefficients in one

kinetic model
2. Can simplify to

the ES-BGK model
and the ��C�-BGK

model at certain
conditions
C�-B
mode

q. �1

eloci
pend

13, a

1966
neari
ltzm
uatio
hard

phere
7 �w
ltzm
ation
rbitra
olecu
odel

Prove

q. �1

atisfi

er to
=2/3
ion o
s not
the p
expressions of a, �, � cannot be given, and only numerical

 AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



127103-5 Ellipsoidal statistical BGK model Phys. Fluids 17, 127103 �2005�

D

values are obtained from these five constraints. In this model,
the transport coefficients must be computed according to


 =
16p

15�	
�

0

� �6

����
e−�2

d�,

� =
8pR

3�	
�

0

� �4��2 − 5/2�2

����
e−�2

d� , �19�

Pr =
5R

2




�
=

�
0

� �6

����
e−�2

d�

�
0

� �4��2 − 5/2�2

����
e−�2

d�

.

In principle, the collision frequency ���� in the
��C�-BGK model can be assumed to be any function with
two unknown coefficients, which are determined by experi-
mental values of viscosity 
 and thermal conductivity � �or
one experimental parameter and the condition Pr=2/3�.
Some possible expressions of ���� can be found in Ref. 11.
Here, only one expression, which will be used in the numeri-
cal tests, is listed,

�̂ =



p
� = a�1.0 + ��2� , �20�

with �̂ the dimensionless collision frequency, and two coef-
ficients a=0.026 835 1 and �=14.2724. However, the proper
expression of ��C�, based on the Boltzmann collision term,
Eq. �10�, yields Pr
1.0, that is it does not give the proper
Prandtl number.10

The Shakhov model was proposed by Shakhov,17,18 and
chooses the reference distribution function as

f ref = fS = fM�1 +
2qiCi

15pRT
� C2

2RT
−

5

2
	�; �21�

and it gives


 =
p

�
, � =

15

4

pR

�
, Pr =

2

3
. �22�

The Liu model was proposed by Liu,19,20 in which

f ref = fL = fM�1 +
pijC�iCj�

2pRT
+

2qiCi

5pRT
A

−
�1

�2��2�
�

4�

5mpRT
�pijC�iCj� +

8qiCi

15
A	� ,

�23�

where A=C2 /2RT−5/2, and


 =
5

8

kT

�1
�2��2�

, � =
75

32

k2T

m�1
�2��2�

, Pr =
2

3
. �24�

Here �1
�2��2� is a coefficient whose value could be found in

Refs. 19 and 30.
Since the heat flux qi is a vector, and the range of the

peculiar velocity is �−� ,��, fS in Eq. �21� and fL in Eq. �23�

will obviously assume negative values for large values of the
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peculiar velocity. It follows that the distribution function f
from these two kinetic models might become negative for
some values of the peculiar velocity, and this might lead to
unphysical results. Indeed, for the Liu model, this phenom-
enon was observed in Ref. 20. This is the reason that the
Shakhov model and the Liu model are not utilized in the
construction of new kinetic models, and also not included in
the numerical tests in this work.

V. CONSTRUCTION METHOD FOR THE NEW ES-BGK
TYPE KINETIC MODEL WITH VDCF

In the above existing kinetic models, the collision fre-
quency � is assumed to be an average value, which is not
dependent on the velocity C, except for the ��C�-BGK
model. For real gases, as was shown, the collision frequency
is a function of the velocity C. The C dependence of � has an
important influence on the results at large Knudsen numbers,
e.g., for Kn�0.1, and thus ��C� in kinetic models should be
close to the value predicted from the Boltzmann equation.
However, when the physically meaningful expression of the
VDCF, Eq. �9�, is used in the ��C�-BGK model, the Prandtl
number is not 2 /3, but close to unity.11

Here, we propose a new kinetic model, in which the
physically meaningful VDCF is applied, while the transport
coefficients are predicted correctly, including Pr
2/3. The
basic idea is to combine the anisotropic Gaussian of the
ES-BGK model and the VDCF of the ��C� BGK model to
develop a new kinetic model, named as an ES-BGK model
with VDCF, or a ��C�-ES-BGK model. This idea has been
applied in Refs. 31 and 32. In Ref. 31, a kinetic model for
hard spheres and inelastic collisions of granular gases was
considered. In Ref. 32, the discussion was based on the lin-
earized Boltzmann equation, and the explicit form of the
VDCF was given only for hard sphere molecules. In this
paper, the complete Boltzmann equation with elastic colli-
sions and any value of n in the inverse power potential is
considered, so it is a more general work than Refs. 31 and
32.

In this new kinetic model, the collision term Sm�f� is
written as

Sm�f� = − ��C��f − fN� ,

�25�
fN = a exp�− 1

2��ijCiCj + �iCi� .

Here, the matrix 
ij has the same expression as in the ES-
BGK model, i.e., matrix �ij, the inverse of 
ij, is given by
Eq. �16�. The coefficients a, ��0, and � are chosen so as to
guarantee the conservation of mass, momentum, and
energy.33

In general situations, explicit expressions of a, �, � can-
not be given, and only numerical values can be obtained
from the five conservation laws, Eq. �4�. At small Knudsen
numbers, however, approximate explicit expressions for a, �,
� can be found through the first-order Chapman-Enskog
method, and this is described next.

At small Knudsen numbers, any distribution must be

close to a Maxwellian distribution, and Taylor expansion
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around the Maxwellian leads, when we only keep the zeroth-
and first-order terms, to

a = �� 1

2RT
	3/2

�1 − â�, � = 1 − �̂, 
ij =
�ij

RT
−

b�ij

pRT
,

�
ij =
�ij

RT
− �̂

�ij

RT
−

b�ij

pRT
, �i = �̂i, �26�

fN 
 fM�1 − â +
�̂C2

2RT
+

b�ijCiCj

2pRT
+ �̂iCi	 .

Here, values of the undetermined coefficients â, �̂, and �̂i are
small compared to 1. The value of parameter b must lie in
the interval �−0.5,1�, which is the same range as b in the
ES-BGK model, to ensure the matrix 
ij is positive definite.

After performing the first-order Chapman-Enskog
expansion,1,2,11,30 one finds

f = fN −
fM

�
�CiCj

RT

�u�i

�xj�
+

Ci

T

�T

�xi
� C2

2RT
−

5

2
	� . �27�

This approximate solution fulfills the five conservation laws

for any distribution fNI, and thus, the coefficients â, �̂, and �̂i

cannot be determined from these conditions. However, the
distribution f must reproduce the first five moments, which
are density, velocity, and pressure; see Eqs. �2�. It follows
that

â = �̂ = 0, �̂i =
1

3pT

�T

�xi
� fM

�
� C2

2RT
−

5

2
	C2 dc ,

fN = fM�1 +
bCiCj

2pRT
�ij +

Ci

3pT

�T

�xi
� fM

�
� C2

2RT
−

5

2
	

�C2 dc� , �28�

f = fM�1 +
bCiCj

2pRT
�ij +

Ci

3pT

�T

�xi
� fM

�
� C2

2RT
−

5

2
	C2 dc�

−
fM

�
�CiCj

RT

�u�i

�xj�
+

Ci

T

�T

�xi
� C2

2RT
−

5

2
	� .

The pressure tensor and heat flux vector can be readily

computed from the above distribution function as
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�ij = −
1

1 − b

32p

15�	
�

0

� �6

����
e−�2

d� �
�u�i

�xj�
,

�29�

qi = −
8pR

3�	
�

0

� �4��2 − 5/2�2

����
e−�2

d� �
�T

�xi
.

Therefore, the transport coefficients and the Prandtl
number obtained from this kinetic model are


 =
1

1 − b

16p

15�	
�

0

� �6

����
e−�2

d� ,

� =
8pR

3�	
�

0

� �4��2 − 5/2�2

����
e−�2

d� , �30�

Pr =
5R

2




�
=

1

1 − b

�
0

� �6

����
e−�2

d�

�
0

� �4��2 − 5/2�2

����
e−�2

d�

=
�

1 − b
,

where � is defined as

� =

�
0

� �6

����
e−�2

d�

�
0

� �4��2 − 5/2�2

����
e−�2

d�

. �31�

A closer examination shows that these results are very
similar to the expressions found for the ��C�-BGK model,
Eqs. �19�; indeed, the only difference is the factor 1 / �1−b�
in viscosity and Prandtl number.

We combine Eqs. �9�, �10�, and �30� and, after some
manipulation, one finds the following expressions for dimen-
sionless collision frequency in this new kinetic model:

�̂�n,�� =
1

1 − b

16

15�	
A�n�B�n,�� , �32�

where

A�n� = �
�=0

� �6e−�2

B�n,��
d� ,

B�n,�� = �
�=0

� �e−�2

�
��� + ��3n−7/n−1 − �� − ��3n−7/n−1�d� .

�33�

Especially for hard sphere molecules where n=�, one finds

�̂�n = �,�� =
1

2

1

1 − b

16

15�	
· A�n = ��B�n = �,� = 0.0�

��e−�2
+

�	

2
� 1

�
+ 2�	erf���� , �34�

which is the same expression as in Refs. 11, 13, and 30,

where
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A�n = �� = 0.308 855, B�n = �,� = 0.0� = 3.0,

erf��� =
2

�	
�

0

�

e−t2 dt .

The above values of A and B are numerical values. For other
values of n, no simplified analytical expression can be ob-
tained, and the integration in Eqs. �33� needs to be done
numerically.

It is well known that the viscosity 
 of an ideal gas is a
function only of temperature, of the form2,4


�T� = 
0� T

T0
	�

, �35�


0, the viscosity at the reference temperature T0, can be used
to determine �̂0�n� in Eq. �9�, and � is a positive number of
order 1. From Eqs. �9�, �30�, and �35� we see that

� =
n + 3

2�n − 1�
. �36�

Table II gives numerical results for the Prandtl number,
Eq. �30�, for several values of n. It is seen that in order to
obtain Pr=2/3, the coefficient b should be slightly smaller
than �−0.5�, which is the lower limit of this new kinetic
model, to ensure the matrix 
ij is positive definite. In the
application of this new kinetic model, b will be chosen as
�−0.5�, and the Prandtl number will be close to 2/3 �for
Maxwell molecules, b=−0.5 gives Pr=2/3�. Therefore, our
requirement that the physically meaningful expression of
VDCF, Eqs. �9� and �32�, is used and the transport coeffi-
cients are correctly predicted simultaneously, is met in this
new kinetic model.

When ��C� is not constant, and b=0 �which implies 
ij

=
�ij�, the new kinetic model reduces to the ��C�-BGK
model. When ��C� is constant �therefore �i= �̂i=0 from Eqs.
�28�, which is exactly true for the Maxwell molecules�, this
new kinetic model reduces to the ES-BGK model.

At last, we consider the H theorem for this new kinetic
model. Since the explicit expression for a, �, and � cannot
be given for general situations, the H theorem is hard to

TABLE II. Several n and corresponding b and Pr va

n � �

5 1 1.0

6 0.9 1.00839

231.0/31.0 0.81 1.01327

10 0.72 1.01572

13 0.67 1.01615

20 0.61 1.01566

� 0.50 1.0126
prove in general, and our attempts were not successful so far.
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When small Knudsen numbers are considered, the H theorem
is indeed satisfied. In these specific situations, one obtains
from Eq. �28�

ln f 
 ln fM +
b�ij

2pRT
CiCj

+
8

3�	

Ci

T

�T

�xi
� e−�2

�4��2 − 5/2�
�

d� −
1

�

CiCj

RT

�u�i

�xj�

−
1

�

Ci

T

�T

�xi
� C2

2RT
−

5

2
	 ,

�37�

Sm = ��fN − f� = fM�CiCj

RT

�u�i

�xj�
+

Ci

T

�T

�xi
� C2

2RT
−

5

2
	� .

Then, utilizing Eqs. �4� and �30�, and after some manipula-
tions �see Ref. 5 for details�, the production of entropy to the
first order is in fact the well-known expression for the
Navier–Stokes–Fourier equations, viz.,

� =
8kp

3�	T2� �T

�xi
	2� e−�2

�4��2 − 5/2�2

�
d�

+ �� �u�i

�xj�
	2�2b


p
+

32

15�	
� e−�2

�6

�
d�	

= k · � �

RT2� �T

�xi
	2

+
2
�

p
� �u�i

�xj�
	2� � 0. �38�

VI. MIEUSSENS’S DISCRETE VELOCITY
MODEL

In the one-dimensional shock waves, flow is along the x
direction in an x-y-z Cartesian frame. In the planar Couette
flow problem, there are two parallel infinite plates in the
y-z plane �one plate is fixed, while the other plate is moving
with a certain speed in the y direction�, and the direction
perpendicular to the plates is the x direction. The flow in the
planar Couette flow is along the y direction. Therefore, mac-
roscopic variables in both situations vary only in the x

for the new kinetic model.

r Pr=2/3

b=−0.5

Pr
�Pr−2/3�

2/3

−0.50 2/3=0.6667 0.000

0.5126 0.6723 0.008

0.5199 0.6755 0.013

0.5236 0.6771 0.016

0.5242 0.6774 0.016

0.5235 0.6771 0.016

0.5189 0.6751 0.013
lues

b fo

−

−

−

−

−

−

direction.
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The numerical method we use here is based on the ex-
plicit scheme of Mieussens’s DVM. We will briefly recall the
main ideas of this method and give some remarks related to
situations considered here; for a complete description the
reader is referred to Refs. 5, 11, and 23–25.

A. Introduction of explicit scheme

The finite volume method is used in the discretization.
The space variable x is discretized on a uniform grid defined
by nodes �centers of finite volumes� xi= �i−1��x+x1, where
i=1, ¯ , I, �x=L / I, L is the domain width, and I is the total
number of position points. Microscopic particle velocities
are discretized �note that they are the same for any position
point and time tn which is the time after n time steps� as, e.g.,
in the x direction,

cx
j1 = cx

1 + �j1 − 1��cx, cx
1 = cx,min, cx

J1 = cx,max,

�39�

j1 = 1, ¯ ,J1, �cx =
cx,max − cx,min

J1 − 1
.

The total number of discrete velocities at one position is
J1J2J3. In the following, a dense notation is used, e.g.,

f�xi,tn,cx
j1,cy

j2,cz
j3� = f�xi,tn,c j� = f i,j1,j2,j3

n = f i,j
n . �40�

Since the microscopic velocities are discrete, macroscopic
variables, which are defined by continuous integrals of f over
the velocity space �e.g., Eqs. �2��, must be replaced by dis-
crete sums on the velocity grid. For example, mass density �,
x component of velocity ux, and x-y component of trace-free
pressure tensor �xy will be computed as

�i
n = �

j1=1

J1

�
j2=1

J2

�
j3=1

J3

f i,j1,j2,j3
n �cx �cy �cz = �

j=1

J

f i,j
n �c,

ux,i
n =

� j=1

J
cx

n,j1f i,j
n �c

�i
n , �41�

�xy,i
n = pxy,i

n = �
j1=1

J1

�
j2=1

J2

�
j3=1

J3

Cx,i
n,j1Cy,i

n,j2f i,j1,j2,j3
n �cx �cy �cz

= �
j=1

J

�cx
n,j1 − ux,i

n ��cy
n,j2 − uy,i

n �f i,j
n �c .

The discretized kinetic equation based on an explicit fi-
nite volume scheme is

f i,j
n+1 = f i,j

n −
�tn

�x
�Fi+1/2,j

n − Fi−1/2,j
n � − �tn �i,j

n �f i,j
n − f ref,i,j

n � ,

�42�

where �tn is the nth time step �will be discussed in Sec.
VI D�, �i,j

n is the discrete collision frequency, and a Helen
Yee’s second-order flux expression23,34 is applied to obtain
the numerical fluxes Fi±1/2,j

n .
An iterative technique must be applied to obtain the so-

lution at steady state, which in fact is what we are interested

in.
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B. Discrete collision frequency

The discrete dimensionless collision frequency �̂, corre-
sponding to Eq. �10� for the continuous situation, is defined
as

�̂i,j
n =


i
n

pi
n �i,j

n . �43�

For the general ES-BGK model �which reduces to the
BGK model for b=0, and gives Pr=2/3 when b=−0.5�,

�̂ES,i,j
n =

1

1 − b
. �44�

For the ��C�-BGK model, there are several expressions
for �̂��� presented in Ref. 9 that give the proper Prandtl
number Pr=2/3, but in this work we only consider

�̂i,j
n = ai

n�1.0 + �i
n��i,j

n �2� . �45�

The two coefficients ai
n and �i

n in the discretized ��C�-BGK
model are obtained from the following conditions, which are,
in fact, the discrete form of Eqs. �19�,5

4

15	3/2�
j=1

J
��i,j

n �4

�̂i,j
n exp�− ��i,j

n �2���i,j
n = 1,

�46�
8

45	3/2�
j=1

J
��i,j

n �2���i,j
n �2 − 5/2�2

�̂i,j
n exp�− ��i,j

n �2���i,j
n = 1,

where ��i,j
n =��i,j1

n ��i,j2
n ��i,j3

n =�c / �2RTi
n�3/2. These condi-

tions are solved by the Newton–Raphson �N–R� algorithm35

�also known as the Newton method with a backtracking line
search36�.

For the new kinetic model, corresponding to Eq. �32� for
the continuous situation, we have the following expression
for the discrete dimensionless collision frequency:

�̂�ñ,�i,j
n � =

1

1 − b

16

15�	
· A�ñ� · B�ñ,�i,j

n � , �47�

with

A�ñ� = �
j=1

J
��i,j

n �4 exp�− ��i,j
n �2�

4	B�ñ,�i,j
n �

��i,j
n ,

B�ñ,�i,j
n � = �

�=0

� �e−�2

�i,j
n ��� + �i,j

n �3ñ−7/ñ−1

− �� − �i,j
n �3ñ−7/ñ−1�d� .

Note that it is not necessary to replace the integration in
the above expression for the function B�ñ ,�i,j

n � with discrete
summation over � in the application, while some polynomial
function of � from curve fitting instead of the original inte-
gration could be applied to compute B as a function of � to
save the computational time. For the hard sphere molecules,
the integration can be performed and yields simplified ex-

ˆ ˜ n
pressions for ��n ,�i,j�,
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�̂�ñ = �,�i,j
n � =

1

1 − b

8

15�	
· A�ñ = �� ·

B�ñ = �,�i,j
n = 0.0�

��exp�− ��i,j
n �2� +

�	

2
� 1

�i,j
n + 2�i,j

n 	
�erf��i,j

n �� ,

with A�ñ=��=0.308 855, B�ñ=� ,�i,j
n =0.0�=3.0, and

erf��i,j
n � is the error function.

Our numerical calculations show that the Prandtl number
in the ��C�-BGK model and the new kinetic model based on
the above expressions �Eqs. �45�–�47�� for the dimensionless
collision frequency indeed has the correct value Pr
2/3 for
the discrete situation as well as for the continuous situation
in all test cases.

C. Discrete reference distribution

The main feature of Mieussens’s DVM is that the refer-
ence distribution function f ref is not discretized directly, but
determined by the discrete minimum entropy principle,
which, as proved by Mieussens,23–25 is equivalent to obtain
the coefficients in the reference distribution from the discrete
constraints of the reference distribution �e.g., Eq. �48� below
for the new kinetic model�. This implies that values of coef-
ficients in the discrete reference distribution are not strictly
identical to those in the continuous situation. In fact, if we
choose values of coefficients directly from the continuous
case, which was called a “natural approximation” by
Mieussens,23,24 the conservation laws and dissipation of en-
tropy are not strictly satisfied in the discrete case.23,24 The
discrete constraints are solved through the N–R algorithm35

here and also in Mieussens’s work.11,23,24 Since a nonlinear
system is easier and more robust to be solved when magni-
tudes of the equations are the same, dimensionless quantities
are used in the code. The discrete dimensionless reference
distribution Fref,i,j

n is defined such that

f ref,i,j
n = Fref,i,j

n �i
n

�c
. �48�

Expressions for Fref,i,j
n , discrete constraints to determine co-

efficients for all kinetic models, and detailed application of
the N–R algorithm in solving the constraints in the shock
waves and Couette flow can be found in Refs. 5 and 11. Here
only FN,i,j

n and its discrete constraints of the new kinetic
model for shock waves are shown to save the space.

For the new kinetic model in the shock waves, the dis-
crete dimensionless reference distribution is

FN,i,j
n = aN,i

n exp„− �N,i
n ��ES,xx,i

n ��i,j1
n �2 + �ES,yy,i

n

����i,j2
n �2 + ��i,j3

n �2�� + �N,i
n �i,j1

n
… , �49�

and the conditions to determine the three coefficients, aN,i
n ,

�N,i
n , and �N,i

n �Note: coefficients �ES,xx,i
n and �ES,yy,i

n are al-
n
ready known from the distribution FES,i,j of the ES-BGK
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model� are obtained from the discrete form of the conserva-
tion laws

�
j=1

J

�̂i,j
n �fN,i,j

n − f i,j
n �

�i
n �c = 0,

�
j=1

J

�̂i,j
n �i,j1

n �fN,i,j
n − f i,j

n �
�i

n �c = 0, �50�

�
j=1

J

�̂i,j
n ��i,j

n �2 �fN,i,j
n − f i,j

n �
�i

n �c = 0.

When planar Couette flow is considered, the flow veloc-
ity perpendicular to the plates, ux,i

n , will not be forced to be
zero in the procedure, so that the flow can move along the x
direction to reach steady state from some initial guess. At
steady state, ux,i=0.0 should hold, and this will be used as a
criterion to see when steady state is reached. Therefore, the
computation of planar Couette flow by time stepping toward
steady state is in fact a two-dimensional problem when the
reference distribution is computed, Of course, the time evo-
lution of distribution, Eq. �42�, is still applied for planar Cou-
ette flow, for distribution and macroscopic variables only
vary in the x direction at steady and nonsteady states.

D. Boundary conditions, time step, space grid,
and velocity grid

Boundary conditions used in the one-dimensional shock
waves are f0,j and f I+1,j �for f−1,j

n = f0,j
n = f0,j and f I+1,j

n = f I+2,j
n

= f I+1,j�, which are the discrete equilibrium distribution at the
upstream and downstream sides. Note that f I+1,j are com-
puted from the fluxes of mass, momentum, and energy, and
not from mass, momentum, and energy. The same procedure
was also used by Mieussens.37 This approach to get f I+1,j

guarantees the conservation of fluxes at the discrete level,
while downstream density �I+1, velocity uI+1, and tempera-
ture TI+1 obtained in this way will exhibit small differences
to their values directly obtained from the Rankine–Hugoniot
relations38 at the continuous situation.

For the boundary conditions of planar Couette flow, the
distributions at the boundaries f−1,j

n �=f0,j
n �, and f I+1,j

n �=f I+2,j
n �

change with global iteration.5 Maxwell boundary
conditions1,2,11,39 and a classical ghost cell technique are used
here.

Since an explicit scheme is used, the time step �tn is
limited by the CFL condition,23,24 e.g., for the shock waves,
we have

�tn =
a

max
i,j

��i,j
n � + max

i,j1
� �cx

j1�
�x

	 , �51�

where 0�a�1.0. a=0.99 is used in all computations. This
restriction does not need to be applied if the implicit scheme
of Mieussens’s DVM is adopted.11,23,24

Since we wish to resolve the flow structure at the micro-

scopic level, �x should be chosen to be smaller than �at least
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smaller than one-half in this work� some estimated mean-free
path computed from boundary or initial conditions.

We follow Mieussens’s choice for the bounds and step of
the velocity grid,11,23,24,37 by choosing in the x direction
�similar expressions for y and z directions�,

cx,min � Min�ux,i − 4�RTi�, cx,max � Max�ux,i + 4�RTi� ,

�52�
�cx � Min��RTi�, i = 0,I + 1.

The above rules for time step, step of space grid, bounds,
and step of velocity grid are applied in the following numeri-
cal tests. Obviously, in order to reduce the computing time, a
coarse space grid �x and a velocity grid with small bounds
�e.g., small cx,max in Eqs. �39� and �52�� and large step �e.g.,
�cx in Eq. �52�� are preferred.

VII. NUMERICAL TESTS

A. Test examples

Shock waves are characterized by their upstream Mach
number Ma, which is defined as

Ma =
uU

a
, �53�

where uU and a=�5RTU /3 are the flow and sound speed at
the upstream equilibrium state.

In the numerical tests for shock waves, one weak shock
wave �Ma=1.5�, one medium shock wave �Ma=3.0�, and
one strong shock wave �Ma=6.0� have been tested. There are
some common parameters in the numerical tests for shock
waves, which are as follows: gas molecules are modeled as
ideal hard sphere molecules; the material is helium; the up-
stream temperature is 160.0 K; the upstream number density
�defined as density over molecular mass� is 2.889E21 1/m3;
the reference temperature T0 is 273.0 K; viscosity at the ref-

TABLE III. Quantities used in the numerical tests of

Case
Domain

width �m�
Mach

number
Number
of cells

Sa 0.04 1.5 200

Sb 0.02 3.0 100

Sc 0.02 6.0 100

TABLE IV. Quantities used in the numerical tests of

Case Kn

Domain
width
�mm�

Speed of
plate �m/s�

Nu
of

Sa 0.025 353.3 300.0 1

Sc 0.1 88.33 300.0

Se 0.5 17.67 300.0

Sg 1.0 8.833 300.0

Si 0.5 17.67 600.0

Sj 0.5 17.67 1000.0
ownloaded 15 Dec 2005 to 142.104.250.115. Redistribution subject to
erence temperature 
0 is 1.86E-5 kg/m s;40 Boltzmann’s
constant k is 1.381E-23 J /K; Avogadro’s number N is
6.022E23 1/mol;38 the molecular mass of helium m is
6.65E-27 kg.41 The mean-free path at the upstream side l is
1.287 mm, based on the following definition:

l = 

�RT

nkT
, �54�

where n=� /m is the number density, and 
 is the viscosity
as computed from Eq. �35�. For other values see Table III,
which shows the situations and quantities used in the numeri-
cal tests of kinetic models for one-dimensional shock waves.

The important parameter for planar Couette flow is the
Knudsen number Kn, defined as the ratio of the mean-free
path l over the distance L between the two plates, Kn= l /L.
For the tests, the Knudsen numbers Kn=0.025, 0.1, 0.5, and
1.0 were used. The plate speeds were set to 300.0 m/s,
600.0 m/s, and 1000.0 m/s. Altogether, there are 12 differ-
ent test situations; see Table IV for details, which shows
cases and the corresponding quantities used in the numerical
tests of kinetic models for planar Couette flow. There are
some common parameters in the numerical tests, which are
as follows: gas molecules are modeled as ideal hard sphere
molecules;42 the material is argon; the temperatures of both
plates are 273.0 K; the speed of plate 1 is zero; the speed
of plate 2 is chosen as indicated in Table IV; the number
density at the initial state is 1.4E20 1/m3; the reference tem-
perature is 273.0 K; the viscosity at the reference tempera-
ture is 1.9552E-5 kg/m s;43 the molecular mass of argon is
6.63E-26 kg;41 the mean-free path l from the above defini-
tion, Eq. �54�, is 8.833 mm for the initial state.

For each test case, the BGK model, the ES-BGK model
with b=−0.5 �Pr=2/3�, the ��C�-BGK model, the new ki-
netic model with b=−0.5 �Pr
2/3, see Table II for details�

tic models for shock waves.

Number of
velocities

Bounds of velocities �m/s�

x direction y �or z�

12*11*11 −2300, 3600 −2900, 2900

18*17*17 −3800, 5500 −4500, 4500

32*30*30 −7000, 10100 −8100, 8100

tic models for planar Couette flow.

Number of
velocities

Bound of velocities �m/s�

y direction x �or z�

11*10*10 −1100, 1400 −1100, 1100

11*10*10 −1100, 1400 −1100, 1100

11*10*10 −1100, 1400 −1100, 1100

11*10*10 −1100, 1300 −1100, 1100

13*12*12 −1100, 1700 −1300, 1300

16*14*14 −1200, 2200 −1500, 1500
kine
kine

mber
cells

00

50

50

25

50

50
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are tested. Table V shows the corresponding quantities used
for the DSMC computations that are used as a benchmark in
this work.43

B. Some notes on dealing with the results

Since there is no fixed coordinate label for the shock
profile inherent to the problem,3,11,44 all shock wave data is
analyzed, shifting the curves such that, in the origin, x=0, of
the new Cartesian frame the density takes on the arithmetic
mean of the downstream and upstream values.3,44 For the
planar Couette flow, no shifting is needed since the positions
of the boundaries are fixed.

Only a small part of the produced data and graphs can be
shown because of limited space; for more details refer to
Ref. 5, or contact the authors.

C. Steady-state analysis

Since results at steady state are what we are interested
in, we need to establish whether the computational results
are at steady state indeed. For the steady shock waves, the
mass flux �ux, the momentum flux �ux

2+ pxx, and the energy
flux 1.5pux+0.5�ux

3+ pxxux+qx, all should be constant in the
whole domain. For steady planar Couette flow, the quantities
ux=0, pxx, �xy, uy�xy +qx should be constant in the whole

domain.5 Because of numerical fluctuations, the velocity per-
pendicular to the plates ux will never be exactly zero in the
computation, but will be very small. Therefore it makes more
sense to consider the dimensionless velocity ux /�RT instead
of ux itself.

It was found that the final computational results we ob-
tained are converged, stable, and indeed correspond to steady

5

TABLE V. Quantities used in the numerical tests of

Parameter Meaning

FNUM Number of real molecules represen
each simulated molecule

MNM Maximum number of simulato
molecules

DTM �s� Time step over which the movemen
collision steps are uncoupled

NIS Number of time steps between sam

NSP Number of samples between file up

NPS Number of updates to reach steady

NPT Number of file updates to comple

SP�1,1� �m� Reference molecular diameter

SP�3,1� Viscosity-temperature index

SP�4,1� The reciprocal of the VSS scatte
parameter

MNC Maximum number of cells

MNSC Maximum number of subcells
state for all tests.
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D. Comparison of results among kinetic models
and DSMC

Results from the BGK model, the ES-BGK model, the
��C�-BGK model, and DSMC computations for one-
dimensional shock waves and planar Couette flow have been
compared and discussed in detail in Ref. 11. Here, only the
comparison of kinetic models as related to the new kinetic
models will be described. Figures 1 and 2 show velocity and
temperature profiles for a shock wave at Ma=3.0 from ki-
netic models and DSMC. Figures 3 and 4 show density and
temperature profiles for a shock wave at Ma=6.0 from ki-
netic models and DSMC. Figures 5 and 6 show Couette flow
density and parallel heat flux profiles from kinetic models
and the DSMC at situation Si in Table IV. Figures 7 and 8
show Couette flow parallel heat flux and temperature profiles
from kinetic models and the DSMC at situation Sa in Table
IV.

When the computational time for each iteration is con-
sidered, the new kinetic model requires the longest time,
followed by the ��C�-BGK model, the ES-BGK model, and
the BGK model. The time ratio of the new kinetic model to
the ES-BGK model to the BGK model is about 3:2:1. Since
an explicit numerical scheme, see Eq. �42�, is used in this
work, computational times in the tests are of the same order
as those encountered in the DSMC.

For hard sphere molecules, results from the new kinetic
model are located in between results from the ��C�-BGK
model and results from the ES-BGK model for almost all test
cases in shock waves and Couette flow, which can be seen
from Figs. 1–8.

When the shape of the temperature of shock waves is

C.

Value for
shock waves

Value for planar Couette
flow

1.4445E15 5.6E14

5E6 2.5E5

1E−7 3.125E−7

4 4

20 1600

100 50

20000 1000

2.19E−10 3.7758E−10

0.5 0.5

1.0 1.0

400 2000 for Kn=0.025; 500
for Kn=0.1; 100 for

Kn=0.5; 50 for Kn=1.0

4000 20000 for Kn=0.025; 5000
for Kn=0.1; 1000 for

Kn=0.5; 500 for Kn=1.0
DSM

ted by

r

t and

ples

dates

flow

tion

ring
considered, results from the ��C�-BGK model are the steep-
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est, while results from the ES-BGK model are the gentlest.
Results from the new kinetic model lie in between these
extremes, and are, in fact, closer to results from the DSMC.
These two points are well exhibited in Figs. 2 and 4. �Note,
in fact, the shape of density has a similar phenomenon, but
not apparent, as the shape of temperature.� It can be seen
from Fig. 4 that the ES-BGK model, the new kinetic models
and the DSMC exhibit the overshoot phenomenon of tem-
perature for large Mach situations �e.g., Ma=6.0�, while re-
sults from the BGK model and the ��C�-BGK model do not
have this phenomenon. Therefore, the new kinetic models
indeed give better results for shock waves than the other

FIG. 1. Velocity profiles
FIG. 2. Temperature profiles of

ownloaded 15 Dec 2005 to 142.104.250.115. Redistribution subject to
kinetic models. This must be attributed to the use of the
proper velocity-dependent collision frequency.

There are two main points against the application of the
��C�-BGK model for planar Couette flow. One is that for
large Knudsen numbers �e.g., Kn�0.5�, the shape of the
density profile becomes too flat compared to the DSMC re-
sults. This issue can be seen from Fig. 5, and was already
pointed out in Ref. 11, where it was shown that this might be
due to different possibilities for choosing the Knudsen num-
ber, but most likely it is a general failure of the ��C�-BGK
model.11 Another point is that results for the parallel heat flux
qy from the ��C�-BGK model fit results from the DSMC

hock waves at Ma=3.0.
of s
shock waves at Ma=3.0.

 AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



127103-13 Ellipsoidal statistical BGK model Phys. Fluids 17, 127103 �2005�

D

worst among all kinetic models considered. For small plate
velocities �which correspond to small Mach numbers�, we
even obtained qy with opposite signs compared to values
from the DSMC, as can be seen from Fig. 7.

Combining the above analysis about the ��C�-BGK
model and the above discussion about the location of results
from the new kinetic models compared to results from the
ES-BGK model and the ��C�-BGK model, results from the
new kinetic model are often worse than �see Figs. 5–7� re-
sults from the ES-BGK model, which reason, from the physi-
cal view, is that the equilibrium Maxwellian distribution is
applied for the expression of collision frequency �Eq. �9��,
which is used in the new kinetic model. Therefore, the ES-

FIG. 3. Density profiles
FIG. 4. Temperature profiles of
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BGK model is a better choice for planar Couette flow than
the new kinetic models from results and computational time.

Finally, we consider the application of the BGK model
and the ES-BGK model in the planar Couette flow. For small
Knudsen numbers �Kn�0.1�, where the Prandtl number is
meaningful, the ES-BGK model gives better results than the
BGK model. It makes sense since the BGK model gives the
wrong Prandtl number Pr=1, while Pr=2/3 in the ES-BGK
model. It can be seen from Fig. 8 that the curve from the
BGK model departs from the other curves, which are all
similar to each other. This phenomenon can be explained
from the fact that Pr=1 in the BGK model, while Pr=2/3 in
other kinetic models, and Kn=0.025 is quite a small value.

ock waves at Ma=6.0.
of sh
shock waves at Ma=6.0.
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The Prandtl number is related to the collision frequency
through viscosity and heat conductivity, which can be con-
sidered as weighted mean values of the collision frequency,
relevant for the transport of momentum and energy. Viscosity
and heat conductivity determine the flow for small Knudsen
numbers, where the Navier–Stokes–Fourier equations are
relevant. For large Knudsen numbers, however, details of the
collision frequency, in particular its velocity dependence, be-
come important, and this is why the results from all kinetic
models differ for larger Knudsen numbers. For shock waves,
the use of realistic collision frequencies leads to marked im-
provements as compared to models that use either a constant
mean value of the collision frequency �ES-BGK model�, or
unrealistic velocity functions ���C�-BGK model�. For Cou-

FIG. 5. Density profiles of planar Couette flow
FIG. 6. Heat flux qy profiles of planar Couette flow a
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ette flow at larger Knudsen numbers it is realized that none
of these two kinetic models gives better results than another
one for all tests. Therefore, we suggest using the ES-BGK
model, instead of the BGK model for further consideration
of flows with the Knudsen layer, especially for small Knud-
sen numbers.

VIII. CONCLUSION

Several existing kinetic models—the BGK model, the
ES-BGK model, the ��C�-BGK model, the Shakhov model,
and the Liu model—have been described and compared,
based on properties that need to be satisfied for a kinetic
model. The main disadvantage of these existing kinetic mod-

ituation Si �Kn=0.5, 600.0 m/s plate speed�.
t situation Si �Kn=0.5, 600.0 m/s plate speed�.
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els is that the physically meaningful expression of the VDCF,
Eq. �9�, and the proper Prandtl number Pr
2/3 cannot be
reached at the same time.

In order to overcome this shortcoming, a new
��C�-ES-BGK-type kinetic model has been proposed here,
which can be simplified to the ES-BGK model and the
��C�-BGK model for suitable choices of parameters. The H
theorem for the new kinetic model has so far been proven
only for small Knudsen numbers.

In this paper we discussed the kinetic models in prin-
ciple, and examined their behavior for small Knudsen num-
bers, where their coefficients can be adjusted such that the
models give the proper values for the relevant transport co-

FIG. 7. Heat flux qy profiles of planar Couette flo
FIG. 8. Temperature profiles of planar Couette flow at
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efficients, namely viscosity and heat conductivity �and thus
the proper Prandtl number�. In this limit, the velocity depen-
dence of the collision frequency is visible only in the higher
level of complexity of the models, but not in the resulting
equations, which are, of course, the laws of Navier–Stokes
and Fourier.

However, the velocity dependence will be important in
transport regimes where the Navier–Stokes and Fourier
equations are not applicable, i.e., for not too small Knudsen
numbers. Then, the gas must be described through the Bolt-
zmann equation, or, alternatively, through one of the kinetic
models described in this paper.

In this second part of this work, several kinetic models

situation Sa �Kn=0.025, 300.0 m/s plate speed�.
situation Sa �Kn=0.025, 300.0 m/s plate speed�.
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are tested numerically for the situations of one-dimensional
shock waves at steady state and planar Couette flow at steady
state. The models considered were the BGK model, the ES-
BGK model, the ��C�-BGK model, and the new kinetic
model. Computational results from the kinetic models are
compared to results obtained from the DSMC calculation,
which serves as a benchmark.

For hard sphere molecules, results from the new kinetic
model are located in between results from the ES-BGK
model and the ��C�-BGK model, and are closer to DSMC
results than these.

For the shock wave problem, the new kinetic model
gives the best agreement to the DSMC simulation �e.g., stan-
dard average relative errors for density, velocity, tempera-
ture, and pressure are smaller than 0.06, even for Ma=6.0
when results from the new kinetic model are compared to
results from the DSMC5�; while for Couette flow the ES-
BGK model is the best choice, since the standard average
relative errors density, velocity, temperature, and pressure are
smaller than 0.035 for all test situations when results from
the ES-BGK model are compared to results from the
DSMC.5 The ��C�-BGK model gives results of insufficient
accuracy in both shock waves and Couette flow; therefore, it
is not suggested to be used to model rarefied gas flows.
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