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Abstract

The semiclassical Boltzmann equation for electrons in semiconductors with the Kane dispersion
law or the parabolic band approximation is considered and systems of moment equations with
an arbitrary number of moments are derived. First, the paper deals with spherical harmonics in
the formalism of symmetric trace-free tensors. The collision frequencies are carefully studied
for the physical properties of silicon. Then, for the parabolic band approximation, the hierarchy
of equations for full moments of the phase density and the corresponding closure problem is
discussed. In particular, a set of 2R scalar and vectorial moments is considered. To answer
the question which number R one has to chose in order to retain the physical contents of the
Boltzmann equation, the moment equations are examined in the drift-diffusion limit and in an
infinite crystal in a homogeneous electric field (transient and stationary cases) for increasing
number of moments R. The number R must be considered to be sufficient, if its further increase
does not change the result considerably and the appropriate numbers for the processes are given.
© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

This paper deals with the simulation of the transport of electrons in semiconductors
which is an important task for the development of new semiconductor devices.

The suitable mathematical model for this task depends on the size of the device. For
relatively large devices, the drift-diffusion equation [1,2] is the method of choice. Most
of today’s small devices are sufficiently described by the semi-classical Boltzmann
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equation, which accounts for quantum effects in an overall manner. Only extremely
small devices with an extension of few atomic diameters must be tackled with a full
quantum mechanical treatment, i.e. the Schroedinger equation.

The solution of the Boltzmann equation must be done numerically. Here, the common
method is the Monte-Carlo method [3—5] which is very accurate nowadays, but requires
computing times which are measured in hours or days. For this reason one derives
simplified models from the Boltzmann equation, in the hope to meet the physical
behavior of a semiconductor at lower computational cost. Most of these models are
based on moment equations [6—10] and also this paper is devoted to these.

In particular, we shall deal with two types of moments, spherical harmonics and full
moments. The spherical harmonics are moments of the phase density with respect to
the direction vector of the electrons [11-13] and may be written as trace-free symmetric
tensors [14—16]. The full moments are moments of the phase density with respect to
the electron momentum [7,6,17]. In both cases, one derives an infinite set of coupled
partial differential equations for an infinite number of moments. Thus the question
arises, which and how many moments are needed for the proper description of a given
process.

Only in few cases one finds proper asymptotic limits which allow the reduction
of the number of moments. One of these is the afore mentioned drift-diffusion limit
[1], where only one moment, the number density n, has to be considered. Another
interesting limit is the so-called SHE-model [18-20,12], where the phase density is
almost isotropic.

In general, however, there is not an easy answer to the above question and the
only method to find an answer is as follows: if the increase of the number of mo-
ments changes the result, one has to increase further until the result does not change
significantly. We shall demonstrate this method for simple examples.

In our system of full moments all relaxation times and transport coefficients are
computed directly from the collision term of the Boltzmann equation. Thus, in oppo-
sition to usual hydrodynamical models [7,6,12], there are no free parameters for the
fitting to Monte Carlo data or experiments. As will be seen, all moment equations are
coupled through explicit matrices of mean collision frequencies. Due to this coupling
the results for all moments depend on the number of moments chosen; in particular,
the results for electron density, energy and drift velocity will change with the number
of moments.

Since our main interest lies in development and use of multi-moment methods, we
restrict ourselves to a simplified physical picture of the semiconductor. Thus, we shall
use the Kane dispersion law [5] or the parabolic band approximation [2] and con-
sider the interaction of electrons with acoustical and optical phonons only [4,22]. This
simplified physical picture, although inaccurate for high electric fields, describes all
interesting features of electron transport in semiconductors, e.g. velocity saturation and
overshoot. The emphasis of the paper lies on the influence of the moment number on
the results and not on the physics. Therefore, it seems to be appropriate to start with
the simplified picture in this first study of multimoment methods for electrons.
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Spherical harmonics codes with full band effects are available in the literature, e.g.
Ref. [12]. The incorporation of a full band structure into the moment method, however,
is only at its beginnings. A moment system with 13 moments on the basis of the Kane
dispersion relation was just presented [9].

The plan of the paper is as follows: In the next section we present the Boltzmann
equation with the terms for the interaction of electrons with acoustical and optical
phonons.

Section 3 considers the spherical harmonics expansion of the Boltzmann equa-
tion in the formalism of trace-free symmetric tensors [14,16]. The derivations of the
SHE-model and the drift-diffusion equation are performed as limits for the collision
frequencies [18,19].

In Section 4 we introduce the full moments and their equations. These contain ad-
ditional quantities which are not related to the moments a priori. Here, one has to
introduce a closure assumption in order to find constitutive relations and we outline
the closure by the entropy maximum method [23,24] and the Grad expansion method
[25,26].

Specific moment equations for scalar and vectorial moments are derived in Section 5.
The system is closed with the Grad method for an arbitrary number of moments. In
order to find criteria for the proper number of moments we consider the drift-diffusion
limit and an infinite homogeneous semiconductor in a stationary or transient electric
field. In all cases, we use the above-mentioned method and compare the results with
an increasing number of moments.

2. Boltzmann equation

An electron at space—time coordinates x;,¢ is described by the wave vector k; which
assumes values in the first Brillouin zone of the reciprocal lattice [2,5]. The phase
density f is defined such that

£ dxdk

gives the number of electrons in the element of phase space dx dk. The phase density
is governed by the Boltzmann equation

of of e Of
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where e is the elementary charge and 7 is Planck’s constant. E; denotes the electric
field and Q is the collision term.

The energy ¢ of the electron depends on the band structure and is a function of the

wave vector, the dispersion relation e=¢(k;). cx(k;) is the velocity of an electron which
follows from the electron energy e(k;) by (group velocity)
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Throughout this paper we restrict ourselves to dispersion relations with spherical sym-
metry, where e(k;)=¢(k). For detailed calculations we shall rely on the Kane dispersion
law [5]

1 h2k?
8=—<—1+ 1+2oc—> 3)
20 m
and the parabolic band approximation
h2k?
f=— 4)
2m

Here, m denotes the effective mass which differs from the electron mass m,; for silicon
we have m = 0.32m, = 2.915 x 10~3'kg. For silicon the constant o has a value of
0.5 eV ™!, the parabolic band approximation follows from the Kane dispersion by setting
o=0.

For symmetric dispersion relations like (3,4), the velocity points in the direction
n; = k;/k of the crystal momentum. For the Kane dispersion we find

1 ¢ /2 1
ci=cn; = %a—kn, = %8(1 + ocs)1 +20€8ni . (5)

Again, the corresponding formulae for the parabolic band approximation follow by
setting o = 0.
In the sequel, we shall also need the density of states N(¢) defined by

Ak 1k
de Rk’

For the Kane law and parabolic bands we have, respectively,

3 3
N(s):\/g V2e(1 + 0e)(1 + 2a¢) and N(s):\/g V2e. (7)

The Kane dispersion law approximately reduces to the parabolic band approximation
(4) if 2ae < 0.1, i.e. for energies below 0.1 eV. When we study the full moments later in
this paper the parabolic band approximation is applied for much larger electron energies,
though, so that the results at large energies do not represent the proper physics. As we
have said in the introduction, this is a first study of multi-moment methods for electrons
and it seems appropriate to start with the simplified picture in order to examine the
influence of the moment number on the results.

The phase density is defined in the first Brillouin zone only. We shall assume that
the electron energies not to large, so that the phase density goes to zero towards the
boundary of the Brillouin zone. Then we can extend the definition of the phase density
to the whole velocity space. In particular, this will allow us to calculate integrals of
the phase density more easily.

For the examples, we shall assume constant electric fields, so that we do not need
the Poisson equation for the determination of the electric field.

kdk = N(e)de so that N(¢) =k (6)



H. Struchtrup | Physica A 275 (2000) 229-255 233
2.1. Collision terms

The electron gas in semiconductors is rarefied, so that contributions from the Pauli
exclusion principle may be ignored. Then, the collision term Q of the Boltzmann
equation is of the form [1]

QZ/[S(k',k)f’ —s(k,k") f1dk’ . (8)

The first term describes interactions where the wave vector changes from k’ to k while
the second term describes the inverse processes; s(k,k’) is the collision probability.
The corresponding equilibrium distribution is the Maxwellian [1] which reads for the
Kane dispersion law,

)

3
_— h2/m  /mokgTyexp[ — 1/20kpTo] &
f|E =n eXp >

2tk T, Ko(1/20kgTo) kT,

K,(x) denotes the modified Bessel functions of the second kind. The factor in front of
the exponential follows from the requirement, that the integral of f in k-space gives
the number density n,

n:/fdk. (10)

For the parabolic band approximation (¢ — 0) the Maxwellian reads
3
h? #?
/m exp |— m K| .
27k, B T 0 Zkg T 0

flie= (1)

2.1.1. Elastic scattering at acoustic phonons
For the elastic scattering of electrons with acoustic phonons one finds the collision
probability [4]

kp Ty 52

Sac(k,k/) = %5(8/ — 8) with of = WQ(]IZ .

(12)
&1=9eV is the deformation potential, ¢ =2330kg/m? is the crystal density and U, =
9040 m/s is the longitudinal sound speed; all values for silicon.

With an isotropic dispersion relation like (3,4) it is easy to calculate Q,. from (8)
as

1
O = —ameiN(@) |1 - - [ raal . (13)

where dQ2 =sint?d¥ de is the element of solid angle. The collision term Q,. leads to
an isotropic phase density and every isotropic function of the crystal momentum is a
conserved quantity, in particular we have for all »>0

/k’QaCdk:O and /s"QaCdkzo.
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Table 1
Zy, Oy = ho''/kp and DK for silicon

Zy 0,[K] D,K,[10'%eV/m]
g1 1 140 0.5
9 1 215 0.8
e 1 720 11
f1 4 220 0.3
f2 4 550 2.0
/3 4 685 2.0

2.1.2. Inelastic collisions with optical phonons
The collision probability for collisions among electrons and optical phonons reads
[1,4]

Sap(K, k') = B[Ny (e — e —ho') + (Ngy + 1)o(e' — e + hw™)] (14)
with the phase density of optical phonons with frequency w"

! (DK, )
Nl = d #'=7 !
P exp[hwt kyTo] — 1 an " 8m2ow'

with numbers Z, and the deformation potential D,K,. For silicon, one has six contri-
butions (intervalley scattering) ¥ =g1,92, 93, f1, /2, f3 [4] and the corresponding values
for the constants can be read from Table 1, where we do not print the frequencies "
but the corresponding temperatures 0, = fiw"/kp.

We insert (14) in (8), compute the integrals and find

0!1/T0
0, = —4n#,N}, {N(e + ho') [ = 64—“ / A dQ} + N(e — ho') 4

% {een/Tof_ ;r/f()dg]} , (15)

with the abbreviations

N(e—how, ezhw,

() — i — =
S =f(etho,n), N(—ho), {0, e <how.

In the last equations, we have introduced the notation f(k;) = f(k,n;) = f(e,n;) for
the phase density, n; = ¢;/c is the direction of propagation of the electrons.

The overall collision term for inelastic collisions is given by QOqp :Zn O,. The equi-
librium phase density for O, — determined by setting O,=0 — is given by a Maxwellian
times a function which is periodic in o [27]. The overall equilibrium function of
Oop, however, is the Maxwellian (9), since the periods %" are incommensurable. The
only conserved quantity is the particle number n,

/Qndkzo.
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3. Spherical harmonics
3.1. Moments

Spherical harmonics are moments of the phase density with respect to the direction
vector n; = k;/k = {sin ¥ sin @, sin ¥ cos @, cos ¥} defined as

u<,—1,»2...,-”> = /n<,—1n,-2 . nwfdQ . (16)

The brackets denote a symmetric trace-free tensor [14,16], see Appendix A for details.
With the moments (16) the phase density can be written as a series

2n+ 1N
Z 41! Wiviyemiy) iy Uiy 7 Ty ) - (17)

In practice, one considers not an infinite series, but only the first terms of (17). The
spherical harmonics are functions of space x;, time ¢ and the electron energy & or
the absolute value k& of the crystal momentum, alternatively. The moments of the
Maxwellian are

Ufg = 475f\E: Uiiyiy---i))|E = 0 (18)
3.2. Equations for spherical harmonics
The equations for the spherical harmonics (16) follow by multiplication of the Boltz-

mann equation with n¢ n;, ---n;y and subsequent integration over all directions. For
the scalar u we find the equation

Ou Ouy, ,
5 e [ F k2 - [kzuk]] =—4n ; BNEAIN (e + hoo") [u — "/ TouD]
+N (e — ho") [ Tou — w1} (19)
with u*) = u(e & fiw). The tensorial equations read
0u<»l...» ) n au(i i 0u<-1...' k) 1
ip-+iy 1°ln—1 i1ly — ¢E kn+2
o +c{2n+1 o, | aw € kkma "t
n _q 0 Upyy)
— E k" — =2 = kg -
2+ 1700 G e } o)
(20)
The newly introduced quantity
Kn = 4mAN(e) + 4m > BNIIN(e + ho') + "IN (e — ha'),] (1)

n

denotes the collision frequency for the tensorial spherical harmonics. «, is independent
of the number of indices 7, thus all u;..;),n=1,2,... decay with the same rate.
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Egs. (19), (20) for the spherical harmonics form an infinite set of equations, since
the equation for u;..;) contains also the higher moment u;,...; 1)
For one-dimensional processes, say in direction x = x;, so that E; = {£,0,0}, only
the components
Uy = UL -4 1y
——

n times

are of concern and the corresponding moment equations read

uy) C{ n? aM(n—1>+5u<n+|>

ot 4n?2 —1 Ox Ox

1 0 n+2 l’l2 1 a u<n_1>
— e k”+2 %[k + u<n+1>] - 4}’[2 — —1 eEk" % kn7_1 = _Kﬂu<[1-~[,,> .

(22)
In order to reduce the infinite system (19), (20) to tractable finite systems one may
truncate the infinite hierarchy of moment equations, i.e. consider only the equations
for the spherical harmonics u;,...;y, n=0,1,2,...,M with u,..;,. =0 (j=1). This
yields the question, which value M one has to take into account. Unfortunately, there
is no easy answer since the number M will depend on the process under consideration,
in particular on the initial and boundary data.

Thus, one has to calculate the same process with increasing moment number M until
the results do not change considerably, if M is further increased. Then, one should have
the proper moment number. We shall use this idea later, not for the spherical harmonics
but for the full moments.

3.3. Mean free paths and collision frequencies

The interaction between electrons and acoustic or optical phonons leads to two dif-
ferent tendencies: (i) the tendency towards an isotropic phase density, described by the
collision frequency k, given by (21) and (ii) the tendency towards thermal equilibrium,
i.e. the Maxwellian phase density, described by the r.h.s. of (19), which we denote by
P in the following.

Unfortunately, P is not easily described by one single-collision frequency. Let us con-
sider first a situation close to equilibrium, where the phase density is almost Maxwellian.
By a standard argument of kinetic theory [26], we replace u in the gain terms of P by
the Maxwellian (18) to obtain the relaxation time approximation [1]

P=—xo(u—upg) (23)
with the inverse relaxation time — or collision frequency —

Ko = 41 Z BNLIN(e + ho') + "N (e — ho') ] =K, — 4ns/N(e) . (24)
n

The relaxation time approximation (23) is appropriate for relatively low energetic elec-
trons: In each collision with optical phonons the electron gains or looses the energy
A" If its own energy is of the same order of magnitude, few collisions will suffice to
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Fig. 1. Mean free paths /y, [, for Tp =77 K (left) and 300 K (right).

thermalize the electrons. The corresponding mean free paths, i.e. the average distances
between interactions, are given by
=S, 1,=%. (25)
Ko Kn

These depend on the electron energy ¢ and the functions for the Kane dispersion law
are shown in Fig. 1 for the lattice temperatures 77 and 300 K. The corresponding
curves for the parabolic band approximation are very similar and are not shown here.

In particular, we read from the figures, that /y and /, — or x( and «, — are of the same
order of magnitude at room temperature (300 K). At the temperature of liquid nitrogen
(77 K) [y is one order of magnitude larger than /,, but only for moderate electron
energies. For high energies, both mean free paths are almost equal, /y//, = 1.115.

For large electric fields, where the electrons gain a large amount of energy between
the collisions, the energy of the electrons does not change considerably in one single
collision. It needs many collisions with phonons to relax the electrons to equilibrium
and we have to expect an effective mean free path — or relaxation length - which is
larger than the mean free path /y. In this case one can expand the right-hand side P
of (19) for small values of fiw"/¢ to find

dN(e Ou Aw"
P=an S aghor { 25 v @ - o (M)
n

For lack of something better, we consider the factor of u as the effective collision
frequency — or inverse relaxation time — for hot electrons, viz.

Koo = 87:;%’,1N;7phw’7d]\(fiff)(eg”m —1) and I = %.o (26)
is the effective mean free path.

Fig. 2 shows the ratio /,,//, in comparison to the former value /y//, for the Kane
dispersion. For large energies, the mean free path between interactions with optical
phonons is much larger than the mean free path between collisions with acoustic
phonons. We do not show the corresponding curves for parabolic bands, but state
that for these [.,//, increases faster with energy.
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Fig. 2. Ratios /oo/ly and ly/l, for Ty =77 K (left) and 300 K (right) for the Kane dispersion law.
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Fig. 3. x;/kg for A=g1,93, f2» at To =77 K and for A = g3 at Ty = 300 K.

Thus, at low temperatures or high electric fields, the tendency towards an isotropic
phase density predominates the tendency towards the Maxwellian.
At the end of this section, we ask whether one of the terms

K, = AnB NG IN (e + ho') + e N (e — ho'), ]

in k) dominates the remainder kg =Ky — k. If this were the case, one had a tendency
towards a Maxwellian times a periodic function, see Section 2.1.2. Fig. 3 shows the
ratios x,/ikg for those A where the ratio is bigger than 1 at least for some values
of the energy. However, k;/kg is almost of order one and we conclude that periodic
equilibrium functions play no role.

3.4. Truncation at order 1 (SHE)

There exits a proper asymptotic limit [18,19] in case that the collision frequency
towards isotropy dominates,

Kn >K0,oo . (27)
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As we have seen before in Section 3.3, this condition is fulfilled at low temperatures or
large electric fields. Moreover, we assume that the mean free path /, is much smaller
than a macroscopic length L,

[, <L.

At Ty=77 K we have [, ~ 0.35x 107 m for small energies and /, <0.05x 10~° m for
energies above 0.1 eV, so that — for the interesting case of high fields — the condition
is fulfilled for L>0.5x 107% m. At T, =300 K, we have for large energies /, <0.02 x
10=% m, allowing for smaller L>0.2 x 107% m.

We expand formally

1 1
iy =ul o —d) o — =1,2,... 28
u(ll---ln> u(n---l,,) + Kn u<ll"'ln> + <(Kn)2> H n LRt s ( )
insert this in (20) and obtain by comparison of the factors at (i,)°, (x,)'
(0) _ _ (1) _ _
”(i1~-i,,>_0’ n=12,..., ”(il-..i,,>—0’ n=2,3,...
and
c | ou Ju
clou ol __ o 2
3 {ax,» € las} " (29)
Thus, in the limit (27) we have the equations
Ju 1 0 0
— —I[N —eEy—[N =P
Fr NG [8xk[ (e)eur] — eEr =[N (e)eu] ,
c | ou Ju
3 | 2o —eEin| = —Kalti s 30
3 [6)6,- ¢ 58:| fontt (30)

where we have used (6). In the literature, these equations are denoted as “spherical
harmonics expansion model”, or SHE-model, [18,19,12,13]. Eq. (30) holds for all bands
with spherical symmetry.

3.5. The drift-diffusion equation

Now, we assume that both mean free paths, /y and /,, are considerably smaller than
the macroscopic length L,

lo<L, I,<L. 31)
From the discussion of Section 3.3 and its figures, it follows that the second condition
can be met at low electric fields, if L>5x10"> m (7p=77) or L>10"% m (7,=300 K),

respectively.
When (31) is valid, we can formally expand u« in (30) according to

1
u=u" 40 (>
Ko

which yields, together with (10) and (16), the Maxwellian
u® =dnf (32)
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so that the number density n is the only variable in the present limit. The evolution
equation for n — the well-known continuity equation — follows by integration of the
Boltzmann equation over k-space as

on  0J;
a + o 0 (33)
with the particle flux
Jk:/ckfdk:/uch(s)ds. (34)
From (30),, (32) and (34) follows the drift-diffusion law
on  neEy
Ji=-D [a_x,kaTJ : (335)

where the diffusion coefficient D is determined by the collision frequency r, as

_ ﬂ ZkBTO \/TEOCkBTO exp[ — 1/2OCkBTO] /CZN(.S)G_I;/]CBTO de
3 m K>(1/20kpTy) Ky o

The continuity equation (33) with the particle flux (35) forms the drift-diffusion equa-
tion, which is the most used macroscopic model in semiconductor physics. However,
as we have seen, its use is limited to relatively large devices.

In Section 5.3 we shall compute the drift diffusion coefficient from the equations
for the full moments; the coefficient (36) will be considered as a benchmark for
comparison.

D (36)

4. Full moments and the closure problem
4.1. Moments

For our considerations on the full moments we shall use the parabolic band approxi-
mation only. The corresponding calculations for the Kane dispersion are more involved,
to involved, indeed, for a first study on multi moment methods [9].

Full moments of the phase density are defined as

u(ilizmin> = m/czrc(,-I ci ey fdk, (37)

so that the ”2i1i2-~-in> are the irreducible parts of traces of the moments m f Ci\Ciy "+
¢;, f dk. Some of the moments have a physical interpretation on the macroscopic scale.
In particular, we have

0

u =mn mass density ,

ud = mnv momentum density ,
1 3 mn .

7 - EnkBT + 71)2 energy density ,
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1
ug. = guléij + u(<)i 7 momentum flux ,
1
Ui energy flux, (38)

n is the number density and v; is the macroscopic velocity of the electrons; T is the
electron temperature. The full moments depend on space and time only.

The hydrodynamic model [7,8,21,17,22] considers only the moments with physical
interpretation, i.e. the set of 13 moments (38); sometimes the momentum flux is not
considered as a variable [21]. Here, we do not restrict the attention to the moments
with physical interpretation, but shall consider an arbitrary number of moments.

In equilibrium, where f = f |z holds, the moments assume the values

2ksTo\ 2 3
r _ 0 BL0 r _
Hie = (7) %F(”E)’ Wiy =0 (1=1). (39)

4.2. Moment equations

Multiplication of the Boltzmann equation with cz”c<ilci2 -+-¢;,y and integration over
velocity space yields the equations for the moments ”Iii1~~~i ) For the scalar moment u”
we obtain

ou"  duj

a

with the production
PE‘E}%/Vé+mﬂﬂ—@Mmﬂm—&mWﬂw, (41)
n

where u(c) = m/h* [ fdQ is the first spherical harmonics moment and u(™) =
u(/c* + xy). In (41) we have introduced the abbreviations

52 N émz(D[Ky,)z _ 2k39,1 -
m

e 2n hzgkgen

The choice »=0 gives the continuity equation (33). The moment equation for tensorial
moments reads

+ LB = pr (40)
m

N(:’p’ Ln

r r+1 r
0y, i n Oy O
ot 2n+1  0Ox, Ox,
e . . n2r+2n+1)e r o
P P i T T T i) = Pl (42)

with the productions

- k2 7 2
(i) = T UGy Zgn/ \ &+ e
n
2r+n
% |:C'2r+nu(i1---in)(c)+ /2 + 1 e5,7/70u(<:_)“i”>:| dc, (43)
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where
m* 1 m*kpé7

o =4Anof — = —
g T htoU}?

0 -

Moreover, u;....\(c)=m/A> [ ngn;, ---n;y fdQ is the nth spherical harmonics mo-
ment and u(a)” =u(iy (V€ F 1)

Unlike the spherical harmonics Egs. (19), (20), the equations for the full moments
(40), (42) do not form a proper set of equations. Indeed, the productions Pri|~~~in> are
not related to the variables uz i) but only to the spherical harmonics u;,...;,(c). The
corresponding closure problem will be discussed now.

4.3. The closure problem

In order to find a closed set of equations one has to consider a finite number of
moments, and in this paper we consider the variables

u’il’lizmlﬁﬁ n:()’ 1)"';M7 r:()ala'“aR' (44)

The choice of the numbers M and R depends on the process under consideration.
The moment equations (40) and (42) for moments (44) do not form a closed set of
equations, since they contain the additional quantities
uz i) r=0,1,...,R and Pz- iy n=0,1,....M, r=0,1,....,R
i1l ip41 1ly

(43)

which are a priori not related to the set of variables (44). Thus, constitutive functions
are required which relate the unknowns (45) to the variables.

Since the unknowns are integrals of the phase density, the closure problem is solved
when we have a phase density which is determined by the values of the variables. We
consider the so-called normal solutions which have the form

f:y(uzilizu.[l»(x[at)sci)' (46)

f depends on space—time only through the moments and there is no dependence on
gradients and time derivatives of the moments. For consistency the phase density (46)
must fulfill the relations

u’iiliz._,m:m/cz’c(ilc[z,,,c[n>9"dk, n=0,1,....M, r=0,1,...,R. (47)

4.4. Entropy maximum closure

Among all phase densities of the form (46) which fulfill (47), it seems to be natural
to choose that function % ,,x which is most probable in the sense that it corresponds
to the maximum number of microscopic realizations. This distinguished function is
that phase density which maximizes the entropy of the electrons [23,24]. As before
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the contributions of the Pauli principle can be ignored for the thin gas of electrons in
semiconductors so that we can use the Boltzmann entropy density

s = —kB/flnfdk. (48)

Maximising the entropy density with the constraints of given values for moments (44)
gives by a standard procedure

F max = €XP [1 =Y A e ey | - (49)
rn

By (47) the Lagrange multipliers AZ i) ATC functions of the moments and the relations
A?l.]“_ in>(u3('(/,]mjm>) are invertible [23]. Moreover, the closure with 7, gives a system
of symmetric hyperbolic type with convex extension and guarantees well-posedness for
Cauchy problems as well as finite wave and shock speeds, see [23,24,28] for details.

Unfortunately, one cannot find analytic solutions of the integrals of % .« in general.
A fully analytic treatment is only possible if one considers the five variables u°,u' and
u?, i.e. number density n, energy density %nkBT and velocity v;. The corresponding
maximized phase density is the shifted Maxwellian

i

h2/m

3
7)) — 2
max =\ [ 5, T eXp[ ks T( —u)

(50)

with the temperature of the electron gas T'. F G is the phase density of the energy
transport model [29] which can be justified by an asymptotic limit in case that the
collision frequency of electron—electron collisions dominates. This result is only of
theoretical interest, however, since these collisions play no role in the rarefied electron
gas in a semiconductor.

One may also expand the maximized phase density into a series in the Lagrange
multipliers A2i1~~~i,,>‘ This cumbersome procedure was until now performed for the 13
moment case which considers the variables (38) with expansions to second and third
order [21,17,22]. The evaluation of & ,,x by numerical integration is very cumbersome,
up to now this was done for ideal gases only [30].

4.5. Grad expansion
For the motivation of Grad’s phase density [25] we recall that the equilibrium phase

density is given by the Maxwellian (9) so that the equilibrium values of the Lagrange
multipliers are given by

3
h2
m ! m =0,

Afp=1—1In |n asTo |0 NET 27y i

We introduce the non-equilibrium parts 4 of the Lagrange multipliers by

izil"'lﬁ = A?h...iﬂ) - A?il"'inHE
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with )»21.1_“1,”>| z =0 and expand # . to the first order in A to obtain

F = f‘E - Z /lzil'“in)chc(ilciz AN (51)

Now, Z is a series in spherical harmonics and powers of the velocity with the
Maxwellian as integration kernel. For small values of the A’s, this phase density coin-
cides with the maximized phase density % ., but for larger values of the A’s the phase
density (51) is an approximation of the phase density in its own right [31,10,32].
Clearly, the usefulness of approximation (51) for the phase density depends on the
number of expansion coefficients and the choice of the kernel. In fact, the use of the
shifted Maxwellian (50) as kernel is the better choice for systems far from equilibrium
[8,9,17,22,20], and we shall use it in the sequel so that we consider the approximation

=T NV =DM ayepen ey | - (52)

r.n

The kernel of the expansion must be chosen so that the phase density reduces to the
Maxwellian f|g in equilibrium — this requirement is met by F# e

It might well be that one needs a lower number of expansion coefficients — or
Lagrange multipliers — if one chooses # ,,x instead of % ;. However, the additional
expenditure for the numerical integration of % ,,x cannot be compared with the much

lower numerical cost of taking a larger number of moments into account.

5. Moments for the SHE model
5.1. Moments and phase density

From now on, we restrict ourselves to crystals where conditions (27) for the SHE
model are fulfilled. Then, only scalar and vectorial moments play a role, see (30), and,
by (28), the latter should be small. Accordingly, we consider the set of full moments

u’zm/cz"fdk, ufzm/c "e;fdk, r=0,1,...,R. (53)

The corresponding moment equations build an approximation for the SHE model (30),
and the quality of the approximation depends on the number R. Our interest in the
remainder of the paper lies in the question, which number R one has to chose in
order to retain the physical contents of the Boltzmann equation or the SHE model,
respectively.

Since all vectorial moments are small in the SHE limit, we need to consider only
linear contributions in the vectors. This implies the omission of the kinetic energy
(u°/2)v? in the energy density %ul and the use of the phase density

R R
F=Lr 1= 2 =Y k¥ (54)
s=0 s=0
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for the closure. f7 is the Maxwellian with the electron temperature 7', viz
3
h2/m m o,
Sir=m\| ST P [_2kBTC .
Eq. (54) is obtained by linearizing (52) in v;.
The expansion coefﬁcients A, A; follow as
R S
D e B S A e
S WO0QkgT/my+ i uo(ZkBT/m)H’Jrl
(55)
with

2T 2 3 3
r _ .0 B = — -
Uip =u ( m ) \/ﬁr(Hz)’ m F(””z)’

, 5
(grszr <V+S+2> . (56)
uf; are the moments of f; with uf, =u° and u/; =u'".

5.2. Moment equations

With the phase density (54) we obtain from (41) and (42) a closed set of equations
for the moments (53),

" auk r 2 s s
o +a—xk+2r Eku L fZ@m(u fu‘T),

ou’, lLowt' 2r+3e R
i - _E U O, 57
[az}rs T3 == O (7

for r=0,1,...,R. The brackets around the time derivative of u/ indicate that it can be
ignored in the SHE limit, see (30),.

The production vector II" and the matrices of mean collision frequencies O, @,S
are given by

.2 [2kgT (2ksT
r=-"n
\/E m

) ng (1—e"M)(J)lo = I

2kpT (2kgT
9, — B < B

m ) Z (g” : Z '@’1[ r+t,0 ‘]t’j' + ey”(‘](;i,rJrl - J:Zt )] >

m
(58)
A 2kBT 2kBT e ~—1 ~
0, = @y | AT +1+3
o (Be) T are s

+ Z BylJ! r1,0 T ey"‘]g,rﬂﬂ]]
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with the integrals

1+2v
11 _ / 2+2r /x2+05,1 (59)

and the temperature ratios

0 1 1
“n:7rl> VWG”(TOT>'

The integrals J,'; may be expressed through the modified Bessel functions of the second
kind K,(«,/2), see Appendix B for details.

The moment u®*! in system (57) is related to variables (53) by a constitutive
equation which follows from (54) as

R-H—‘,—ZZ R+s+5 ut_uTT
i (kg T/m)!—R-1 "

In equilibrium, the right-hand sides of (57) must vanish, and we have y,=0 or T'=Tj;
moreover, the moments assume their equilibrium values u" = u|’TO = u|’ r and u;‘ g =0.

5.3. Local equilibrium and drift-diffusion equation

As a first test for the moment method we consider the drift-diffusion limit (31) of
Eq. (57) where the electron gas is in local equilibrium. The scalar moments assume
their equilibrium values in this case, u" = u" > 50 that 7 = Tg holds.

For the calculation of the particle flux and the diffusion coefficient we proceed with
the vectorial equation (57),, where we introduce the equilibrium values of the moments
u" and, as in (29), set u} =0 on the left-hand side to obtain

1 (2kgTo\ " 2 ou’ L 0cE;

q —r @rs

3 ( m ) VT r+ 8xl kT Z i
Solving this for J; = (1/m)u? yields the drift diffusion law (35) but now the diffusion
coefficient is given by

R
N 4 ZkBTO ~A—11 5
D=— Yy, =T = 60
3V nmg‘”z (Hz) (60)
with the matrix
R R
h=3 1,
=0

the integrals J" in @,S must be evaluated with T = Tj,.

The new diffusion coefficient D must be compared with the former result (36) which
we use as a benchmark here (with «=0). Since D depends on the number of moments
R, this comparison is an indicator for the choice of R: If D coincides with D from
(36), the number of moments is sufficient — at least for the case of local equilibrium.

AT +143)+ Y B0+ rarn]
n
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Fig. 4. Ratio D/D of the diffusion coefficients (36,60) versus the moment number R for 77 and 300 K.
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Fig. 5. Stationary homogeneous process (7p =300 K): mean speed v as function of the electric field £ with
moment numbers R = 1,2,3,4,5,6.

Fig. 4 shows the ratio D/D as a function of the moment numbers for Ty = 77 and
300 K. For a moment number R >4, both diffusion coefficients, D and D, have almost
the same value. For lower R, however, the results differ. The choice R=0, with number
density n and particle flux J; as sole moments, gives an error in the diffusion coefficient
between 15% and 30%, depending on temperature. Also with R =1, corresponding to
the hydrodynamic model [8,17,22] the error is in the range of 5—-10%.

5.4. Stationary homogeneous process

Our next test for the moment system (57) is a one-dimensional homogeneous sta-
tionary process in an infinite semiconductor with constant electric field E; = {£,0,0}.
In particular, we are interested in the velocity v; in dependence of the electric field.

The field equations (57) reduce to algebraic equations, viz.

2r+3e

R
B == 6,4 . 61
—Eu ; w. o (61)

R
e
2y —E, r—lZ_Hr_ @rs S S ,
r By Sz:; (' —ujr) 3

The solution of (61) is outlined in Appendix C, here we present only the results.
Fig. 5 shows the drift velocity v in dependence of the electric field for 7; = 300
K with moment numbers R =1,...,6. For large fields, the velocity goes to a constant
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Fig. 6. Stationary homogeneous process (7p = 77 K): mean speed v as function of the electric field £ with
moment numbers R =1,2,3,4,5,6 (left) and R =1,7,8,9 (right).

limit, this is the well-known saturation effect [4,5]. All curves match very well, so that
for the description of this process a moment number of R =1 is sufficient.

At lower temperatures, this is not true anymore: Fig. 6 shows on the left the same
curves for a lattice temperature 7,=77 K. The increase of the moment number changes
the results considerably at fields below 20 kV/cm. For R>7 the result does not change
anymore, see the right part of Fig. 6.

The moment number has no influence at large fields, all choices of R lead to the same
saturation velocity. This behavior reflects the high-energy solution of the SHE-model
with parabolic bands, which yields a phase density of the form f|r(1 + 4;n;) [20].

5.5. Non-stationary homogeneous process

As last example for the influence of the moment number on the results, we consider a
homogeneous crystal in thermal equilibrium which is suddenly subjected to a constant
electric field E. The plots show the velocity as a function of time which exhibits
the well-known velocity overshoot [4,5] for small times before the result reaches the
saturation value of the last section.

For the calculation of the overshoot, one has to consider the time derivatives in
(57),. However, these should play no role in the proper SHE-limit and in taking them
into account we operate on an improper time scale. Note moreover, that the condition
(27) is not well fulfilled since the electron energies are to small in the following
calculations.

In Fig. 7 we show the result for room temperature 7 =300 K for £ =10 kV/cm
and £ =50 kV/cm. The peak value of v is the same for all moment numbers R>2,
but the results differ in the minimum after the peak, which becomes more pronounced
with increasing moment number. For the higher field £ = 50 kV/cm the differences
between the curves are more marked.

The minimum after the peak is not observed in Monte-Carlo simulations [4], where
the velocity is monotony decreasing after the peak. It may be that the minimum is an
artefact of our equations due to the wrong time scale under consideration or insufficient
choice of moments.
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Fig. 7. Non-stationary homogeneous process: drift velocity v as a function of time ¢ for 7p = 300 K and
electric fields £ =10 kV/cm (left) and 50 kV/cm (right) for various moment numbers R.

The minimum appears also when one considers the first two spherical harmonics
equations (scalar and vectorial) with both time derivatives. Comparison between the
spherical harmonics solution and the moment equations shows an excellent agreement
for R>6 [33].

6. Conclusions

In the present paper, we have examined moment equations for electrons in semicon-
ductors. First, we studied spherical harmonics moments, where we laid emphasis on
the discussion of collision frequencies and mean free paths. This allowed us to identify
the ranges of applicability for the drift-diffusion model, where the local phase density
is Maxwellian, and the SHE-model, where the phase density is almost isotropic.

Then, we presented the moment method for full moments with a discussion of the
closure problem. Explicitly, we treated a case with scalar and vectorial moments, as
is appropriate if the phase density is almost isotropic, i.e. in the range of validity of
the SHE-model. The results of the moment method depend on the number of moments
taken into account and we have shown for several model processes that the results
converge for increasing moment number.

The required number of moments changes with the process under consideration and
varies from R=1 or 2 (saturation velocity) to R=6 (velocity overshoot). This implies
in particular that the hydrodynamic model with R=1 is not sufficient for the description
of all processes.

It should be remembered that there are no free parameters in our moment equations.
It is common to fit the constants in the production terms of the hydrodynamic model
to Monte Carlo data, though, which ensures perfect results for the processes used for
the fitting [21]. Whether the fitting is appropriate for other processes is not clear.

The solutions of our extended moment equations agree well with solutions of the
corresponding spherical harmonics equations [33] and can be solved at lower numerical
cost.
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Until now, a high moment number is used only together with the parabolic band
approximation. The use of more realistic models like the Kane dispersion law or the
spherical full-band model of Ref. [12] is possible for the 13 moment case [9]. Future
studies will show whether non-parabolic bands may be incorporated into an extended
set of moment equations. If this were possible, the moment equations will a competitor
for the full band spherical harmonics equations.
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Appendix A. Trace-free tensors and spherical harmonics

A symmetric tensor S;;, ;, is trace-free, or irreducible, if
Sirty.cdjitnin Oy, = 0

holds for every pair i;,i;. The irreducible part of a symmetric tensor 4;;, ;, follows
from [15]

[In/2]|
A<ili2...in> = Z a”ké(il i2~~~5i2k—liZAAi2k+l--~in)j].Aj/t.l'l k>
k=0
where
n!(2n — 2k — H!
g = (—1)f "0 R
(n —2k)!(2n — DHN2KH!!
n [[(n—1)/2]]
n 5 neven, .
211~ 2=1 5 uneven e H (=2
2 > Jj=0

For the daily work, it is useful to write instead [16]

[17/2]]
k
A i) Z by i (i, -+ 5i2k,]i2kAEZk1|.“,~” + - (Pyx terms)),
k=0

where Afii ....;, 1s the kth trace of 4;,...;, and the sum in brackets extends over all P
different permutations of the indices. We have
(=1 n!

nk =

Py =
Mieu-H-1 " (=20)12¢k
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The first few tensors 4, ...;,y read
Ay =4,
Ay =4y — lAkkéij )
Ay = Aije — (Aidje + Ajudi + Awidiy) -
The tensor 4;,...;, may also be written as a sum of its trace-free parts [16],

[17/2]] \
Z bn k(émz o tZk 102k (<12)k+1 > cee (Pnk terms)) ,

where A({;)H]___i ) is the trace-free part of the kth trace of 4;,...;, and

A 1
bk = = ; .
[[o@n—k—j)+1)

Spherical harmonics may be represented through the trace-free tensors [14]

n<l~1 e n,-n>

with a unit vector n; = {sinsin ¢, sin ¥ cos ¢,cos ¥};. Spherical harmonics form an
orthogonal set with

0, n#m,

Ny - M\ ...I’ljm>dQ: 47”5 i N (i), M=
/ ! ! H;:O(2j+1) Cieein) (e jin)

Here, dQ=sin¥ d¥ dg is the element of solid angle and dy,...,, is a /-dimensional unit
tensor with / even, defined by

I
5k1~'-k1 = 5k1k2 e 5k1—1k1 + -+ (Wa terms) .

In particular, the following two identities hold and are used several times in this paper:

0, n#Em,
47n!
Aii i | g, .oonjyn dQ =< Ay, n=m, Al
12...,,/ (i RIS [Tein e (A1)
j=0

n
Ay oo M) = Ny o NG Ry - et 1”((1’1 ...ni”71>5,’n>k.

Appendix B. Integrals J and Bessel functions

The integrals J; (59) can be expressed by the modified Bessel functions of the
second kind

K, (%) T 2n-nN (06;7}2)" /a”/z

n—1/2
al e “dz
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The substitution z = x? + o,,/2 yields for the integrals

r=s _ r—s—k
B (T e o
k=0

and

s—r
s —7r o, \S—"—k
Jl =en? E ( ‘ ) (é’) Lx (r<s),
k=0

where L stands for

s+1/2
o0
Loy = / - e 7dz.
/2

For the L, ; one shows easily, that

INICS

2

o o s+1 o
Loz =Lore+ 2 Lins Lo=Cs+ DM (F) K (2)

o, s+2 o
Lo=@s+ D! () K2 (F)
hold, where the last equality follows by partial integration. Going backwards through

the formulae, one finds J,'s in terms of the Bessel functions.

Appendix C. Solution for the stationary homogeneous process

For the solution of (61) it is convenient to use dimensionless moments defined by

r
r u r

uy
m = ——— -, v = 5
(kg T/m) 10/ 2kpT/m(2kgT/m)"

for which the moment equations read

R 3
N 2T 2
réV T =11 — E - ms——(s+2) ,
s=2 ﬁ

1

R
3 R
Z e r—_ E s A
3 (r—|— 2) Em 2 9,0, (C.1)

r=0,1,...,R. Note that m°=1 and m!' :% hold and that the first equation is an identity
for r =0. & is the dimensionless electric field
eF

TkpT

é

. . . ~r . . . .
and the dimensionless production vector II' and matrices of mean collision frequencies
¥, U,s are given by

2 B
Hfﬁ;e

n ) n n
—(l—=e")J!y—Jy) ),
% ( )( r,0 O,r)
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Uy = ngt;l Z '1[ :+10 Jf,. + e7'1(J(;7r+z 71)] >

m—Z%

The solution of the analytic equations (C.l) proceeds in several steps. In the first step,
we rewrite (C.1); and invert (C.1), so that

R
p— el
r&Y =11 — E I, em®
s=2

F(r+t+3)+z AT J(;?r+z+1]]

R R
& Z - &1 5 1 & A=l 3\
f:_g ( )m :—519[0 —Zéﬁtl — g 5_2 ’19", <r+§>m .
(C.2)

where IT  stands for

3
i -y 2 (s+3).
Now, the moments v' can be eliminated and we find after little rearrangement the
equations

R 1 1 3 1 R
02,0 s 17 s
E [1913- - g(g Pos <s + 2)] m*=I and E,z Apem® =11

s=2

with the quadratic matrix 4,; and the vector g given by

3
Ars:|:7~9 362?9;’ ls <S+ 2):|, rs=2,...,.R,

r 5 =
=" <19,_'1,0+§19r | 1> ', r=1,...R
By inversion of 4,; we find
R
~t
=2

& 1 5 ~—1 3 t 1
SN [ﬁls - g@ﬂﬂm <s+ 5)] A =11 . (C4)

Inspection shows, that the last equation is a polynomial in &2 with coefficients that
depend on the electron temperature 7 with the crystal temperature 7, as parameter.
For R =1 the Lh.s of (C.4) vanishes, so that it reads 0 1.

Eq. (C.4) has to be solved numerically. It is advantageous to prescribe the tempera-
ture T and to solve for the electric field. Due to the polynomial form, there are several
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solutions &(7), most of these, however, give complex values for & and are meaning-
less. Depending on the value of R we obtained several real solution curves and only
one of these fulfills the equilibrium condition &(7y) =0 and therefore is considered
to be the physical solution. From the numerical solution follow the moments by (C.3)
and (C.4).
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